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Chapter 1

Preliminaries

In this introductory chapter, we will introduce required notation and, at the
same time, review very briefly some set theory. Our discussion of set theory
will be strictly naive. (The interested reader may consult the bibliography
(see [Si]) for a more axiomatic treatment.) We shall next introduce and prove
certain results from elementary number theory.

1.1 Sets and mappings

We begin our discussion with the concept of a set, the notion of which we will
assume is intuitively clear; although this is in actuality far from so and an
unrestricted use of the set concept has led to contradictions in mathematics.
It was for this reason that an axiomatic treatment became necessary.

In this discussion, we will usually designate sets by capital Roman letters
such as A, B, C, etc, and elements of sets by small Roman letters. We will
also indicate that an element a belongs to a set A by writing a € A, while if
this is not the case, we write a ¢ A, read “a does not belong to the set A.”

If we have a collection of sets indexed by elements « belonging to a set A,
then this collection will be denoted by { A }aca. For example, if A = N, the
set of positive integers or natural numbers, we could write {A;};cn, meaning
that we have a countable number of sets which are being considered. (Note,
in general, it is not necessary that A be even countable. The set of all real
numbers denoted by R is an example of an uncountable set as compared to
N, which is a countable set.)

Let {Aa}aen be a collection of sets. The union of these sets, denoted by
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8 CHAPTER 1. PRELIMINARIES

Uaer Ay, 1 the set of all elements which belong to at least one of the A,. In
case the index set A is equal to N or is finite, say is equal to {1,...,n}, we
use the following notations: U2, A;, U? | A;, respectively or

U%:lAi == A1 U A2 U..u An

Again let {A,}aen be a collection of sets. The intersection of the sets,
denoted by Nyep Ay, is the set of all elements which belong to all the A,.
Similar notations as for unions are adopted in the case of intersections when
the index set A is countable or finite.

Next let A and B be two sets. If every element of A is also an element
of B, one says that A is a subset of B, denoted A C B (or A C B). If
A C B and B C A, then the sets A and B are said to be equal, denoted
A = B. Finally, if A C B but A # B, then A is called a proper subset of
B, denoted A C B.

If A and B are two sets, the cartesian product, A x B, is the set of all
ordered pairs (a,b) such that a € A and b € B. Here it is to be emphasized
that (ay,b1) = (ag,by) if and only if a; = ay and by = by. Similarly we
can define the cartesian product of any finite number of sets. For example,
R™ =R x ..R (n times), consists of ordered n-tuples (z1, ..., z,,) where each
r; €ER, for 1 <1 <n.

The set consisting of no elements at all is called the null set or empty
set and is designated by (). If A and B are two sets such that AN B = (),
then A and B are called disjoint sets.

We next introduce a particularly useful notation which will be used
throughout: If A is a set, we denote by

{reAlP)}

the set of all elements = belonging to A for which the proposition P(x) is
true. For example, the set of even positive integers equals {x | = is even}.
In the way of notation and abbreviation, we shall also, sometimes, adopt the
following convention: If A is a finite set consisting of the elements x4, ..., z,,
one writes A = {x1, ..., x, }. In particular if A consists of just a single element
x, we write A = {z}. A similar notation is frequently adopted in the case
where A consists of a denumerable or countable number of elements. Finally,
we define the order of a finite set A, written |A| , to be the number of
clements in the set A. If A is not finite we write, |A| = occ.
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We now turn to the next item of business involving sets, namely the
notion of a mapping between two sets. Let A and B be two sets. If for every
a € A there is associated a unique b € B, we say that there is a mapping
or function f from A into B and we write f(a) = b. Here A is called the
domain of f, B is the co-domain of f, and if b = f(a), then b is the image
of a under f. We denote this by

f:A— B, or AL B

Let f be a mapping from A into B. If distinct elements of A have distinct
images in B under f, i.e., if a;,as € A and a; # as implies f(ay) # f(aq),
then f is called a one-to-one (1-1) (or injective) mapping. Put another
way, fis 1-1 if and only if f(a;) = f(a2) implies a; = aq. If for every b € B,
there is an element a € A such that f(a) = b, then the mapping f is said to
be onto B.

Again, let f: A — B, and suppose that E is a subset of A, E C A. The
image set f[E] is defined by

fIEl={f(z)e B |z e E}.
If F C B then the pre-image f~![F] is defined by
fF={z€ A| f(x) € F}.

Notice that an image set f[E] can be empty only if F is empty, but that a
pre-image set f~1[F] can be empty even if F is nonempty.

Suppose now that f is a 1-1 mapping of A onto B. Then for each b € B,
there exists a unique a € A such that f(a) = b. This allows us to define a
mapping called the inverse mapping of f, which we denote by f~!, where

f~':B— A.

is defined by f~(b) = a provided a is the unique element of A such that
f(a) = b. Tt is easy to show that f~! is also one-to-one and onto. This usage
of the notation f~! should not be confused with its usage for the pre-image
of a set, which is defined even if f is NOT one-to-one and onto.

For any set A, we define the identity map on A, denoted by 14 or simply
1 if the set involved is clear, as that mapping which leaves every element of
A fixed, i.e., 14(z) =z for all z € A.



10 CHAPTER 1. PRELIMINARIES

Next let f : A — B, and let E C A. The restriction of f to E is the
mapping denoted by f|g, and defined by f|g(x) = f(x) for all z € E. (Here
it is assumed that E is non-empty.)

Now let A, B, and C' be sets and suppose that f is a mapping from A
into B and ¢ is a mapping from B into C'. Thus we have

AL B4

Then the composite map (or product map or composition) ¢ f is defined
as

(9)(x) = g(f(x))

for all z € A; thus gf : A — C. Since g(f(z)) is uniquely determined by
x, gf is indeed a mapping. In the special case of f : A — A, we speak of
powers of f: f2, f3, etc., and mean f?(z) = f(f(x)), f2(z) = f(f*(x)), etc.,
for all z € A.

Using the notations introduced above and assuming f is a 1-1, onto map-
ping from A to B, it is easy to see that ff~!' =1 and f~1f = 14.

Let S be a set and furthermore let ~ denote a relation defined between
ordered pairs of elements of S such that given any two elements a,b € S
either a ~ b (read “a is equivalent to b”) is true or it is false. In other words,
using the previously introduced terminology and notation, we assume we are
given a mapping:

SxS—{T,F},

i.e., a mapping of the cartesian product of S with itself into a two-element set
consisting of 7' (“true”) and F' (“false”). If (a, b) is mapped into 7', we write
a ~ b and say that “a is equivalent to b”. If (a, b) is mapped into F', we say
that “a is not equivalent to b”. The relation, ~ , is called an equivalence
relation on S if it satisfies the following three conditions:

1. (Reflexivity) a ~ a for all a € S.

2. (Symmetry) If a ~ b, then b ~ a.

3. (Transitivity) If a ~ b, and b ~ ¢, then a ~ c.
The following are examples of equivalence relations:

Example 1.1.1. Take S to be the set of all triangles in the plane and take ~
to be the relation of congruence, =, or equally well, take ~ to be the relation
of similarity.
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Example 1.1.2. Taoke S to be the set of all lines in the plane and ~ to be
the relation of being parallel. (By convention, a line is parallel to itself.)

Example 1.1.3. Take S = Z, the set of all integers, and let m be a fixed
positive integer. Define a ~ b if and only if m divides a — b. This special
equivalence relation is denoted by a = b (mod m), read a is congruent to b
modulo (or just mod) m. It will be treated in more detail in the next section.

Now suppose that we have a set S and an equivalence relation defined on
S. We denote by [a], the set of all elements of S which are equivalent to a,
i.e.,

[a] ={z €S |a~z}

Such a set is called an equivalence class. Clearly a € [a] by the first
condition for an equivalence relation, hence [a] # 0, for all a € S. We claim,
next, that for a,b € S either [a] = [b] or [a] and [b] are disjoint sets, i.e.,
[a] N [b] = (. To this end, suppose that [a] N [b] # 0. Then there is a d such
that d € [a] and d € [b]. Let ¢ be any element in [a]. Then ¢ ~ a and a ~ d.
Hence ¢ ~ d. Since also d ~ b, it follows that ¢ ~ b, which implies ¢ € [b].
Thus [a] C [b]. Similarly, [b] C [a]. We have, therefore shown that either [a]
and [b] are disjoint or are equal.
Summarizing, we have the following result.

Theorem 1.1.4. If S is a set with an equivalence relation defined on it, then
S is decomposed into disjoint, nonempty equivalence classes. (We say S is
partitioned.) This is denoted by S = [a], where it is understood that the
union s taken over only certain a € S so that the classes are disjoint.

Next, we want to consider one further equivalence relation of great impor-
tance. It will occur in more specialized settings latter, and we consider the
general case now. For this purpose let £ and F be sets, and let f: E — F.
For a,b € E define a ~ b if and only if f(a) = f(b). It is readily seen that
this is an equivalence relation on E. Let E denote the set of all equivalence
classes and consider the following mappings:

ESES fIE) S F,
where k(a) = [a], g([a]) = f(a), and i(f(a))) = f(a). Clearly k is an onto
mapping. We claim that g is, first of all, well-defined: [a] = [b] implies
g([a]) = g([b]). Indeed, if [a] = [b], then a € [b] or a ~ b, because a € [a],
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so f(a) = f(b); hence g([a]) = g([b]), proving the claim. Moreover, g is 1-1.
Namely if g([a]) = g([b]), then f(a) = f(b), so a ~ b and, therefore, [a] = [b].
Also g is onto; for if ¢ € f[E], then ¢ = f(a) for some a € FE, so ¢ = g([a]).
Finally, 7 is clearly a 1-1 mapping, and it is also clear that f =g .

Thus it is seen that an arbitrary mapping f of one set into another can be
written (factored) as a product of three mappings each of which has certain
nice features which f in general need not possess.

1.1.1 Exercises

1.

Let f: A — B and let {E,}aca be a collection of subsets of A. Prove
that

(a) flUaEs] = Uaf[Ed],
(b) flNaFa] C Naf[Ea).

Let f: A — B and let {F,}aea be a collection of subsets of B. Prove
that

Construct examples of the following:

a) A mapping which is not one-to-one and not onto.
ppig

(b) A mapping which is not one-to-one, but is onto.

(¢) A mapping which is one-to-one, but is not onto.

Construct an example of a mapping f : A — B such that f[E N F] #
fIE] N f[F], where E, F C A.

Using the notation in problem 1, show that if f is one-to-one, then
fNaEa] = Naf[Es].

Let f : A — B. Show that

(a) if f is one-to-one then f~1[f[A]] = A,

(b) if f is onto, f(f~'(B)) = B.
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7. Let AL B % C. Show that if f is one-to-one and onto and if g is
one-to-one and onto, then gf is one-to-one and onto.

8. Let AL B L 0 D Show that (hg)f = h(gf). (Composition is
assomatlve) :

9. Give examples of relations on a set S which satisfy all but one of the
axioms for an equivalence relation on S.

10. Determine the equivalence classes for Example [CT3.

11. Show that if S # () has a partition into disjoint nonempty subsets,
then an equivalence relation may be defined on S (actually find this
equivalence relation and show that it is an equivalence relation) for
which the subsets of the partition are the equivalence classes. (Converse

of Theorem [LT7)
12. Let f: R — R be the map given by f(z) = z%. Let

A=[1,2]={zeR| 1<z <2},
B=(-1,1)={zeR| —1<z <1},

C=4,9)={reR|4<z<9},
D=0,9={zeR|0<2 <9}

Find

(o) f1A],

(b) fB],

(c) f7HC,

(d) f7[D],

(e) a nonempty set £ C R such that f~![E] = 0.

1.2 Number theory

Just as in the case of set theory, our discussion of number theory will be
strictly naive, e.g., we shall not develop N from axioms, we shall just assume
that if S € N and S # 0, then S has a smallest element, etc. We first
establish the division algorithm:
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Theorem 1.2.1. (Division Algorithm): Let a,b € Z with b # 0. Then there
exist unique integers q and r such that

a=bg+r and 0<r<]|bl.

Proof: Let
S ={m|b| | m € Z and m|b| < a}.
Note that S # () because —|a||b| € S. The set S must therefore contain a

largest element, say ¢|b| . Then, by the definition of S, t|b] < a. Putting
r=a—t|b| , we have

a=tb|+r  where r>0. (1.1)

But (t41)|b| = t|b] +|b| > ¢|b]. Thus by the maximality of ¢|b|, (t+1)[b| ¢ S,
so (t 4+ 1)[b] > a. Hence
t|o] + o] > ¢|b] +r

or < |b| . Finally let

[t if b>0,
1=\ —t, if b<o,

So that ¢b = ¢|b| if b > 0 and ¢b = —tb = t(—b) = t|b] if b < 0. Thus by (L)
a=qgb+r where 0<r<]|b,

and the existence part of the theorem has been established.
Suppose now that
a=bg+r=>bqg+r

where 0 <7 < |b| and 0 < r < |b|. Then

r—r'=bld —q), (1.2)

but —|b] < r —r" < |b|, which in conjunction with ([CZ) implies r — 7’ = 0;
thus bg = bq’, thus g = ¢’ (since b # 0). So we have uniqueness and our proof
is complete. [

Let a,b € Z. We say that b divides a, written b|a, if there exists a ¢ € Z
such that a = be. If b does not divide a, we write b fa.

Definition 1.2.2. The greatest common divisor (g.c.d.) of two integers
a and b is a positive integer d, denoted by gcd(a,b), such that d|a and d|b,
and if ¢ is any integer such that c|la and c|b, then c|d. (Here we assume that
a and b are not both 0; in that case, we define ged(0,0) = 0.)



1.2. NUMBER THEORY 15

We observe first that if the gcd(a,b)exists, then it is unique. To see
this, suppose we have two g.c.d.’s d and d’. Since d|a and d|b, and since
d = gcd(a,b), then we must have d|d’. Similarly, d’|d; hence d = d (since the
g.c.d. > 0, by definition).

Now let us show the g.c.d exists. Suppose a,b € Z and also suppose a # 0
or b # 0. We let S denote the set of all positive integers of the form za + yb
where x,y € Z. S # 0, and therefore, S must contain a smallest integer, d.
We claim that d = ged(a, b). Since d € S, there exist x1,y; € Z such that

d:x1a+ylb. (13)

If c|a and ¢|b, then clearly from ((L3)) ¢|d. Therefore, we must simply show
that d|a and d|b. By the Division Algorithm,

a=dq+r, where 0 <7r <d.

Hence r = a — dq = a — q(x1a + y1b) = x2a + yob, where x5 = 1 — gx; and
Yo = qyp. Thus if r > 0, then r € S, which would contradict the minimality
of d. Thus r = 0 and d|a. Similarly, d|b.

Summarizing, we have the following result.

Theorem 1.2.3. The greatest common divisor d = gcd(a,b) of any two
integers exists, is unique, and can be expressed in the form d = xa+yb where
x,y € 2.

Note that while d is unique, x and y are not, e.g., if a = 6 and b = 4,
then d = 2 and (z,y) can be (1,1), (1,2), (3,4). etc. We note that the
proof we have given for the existence of the g.c.d. is not constructive. We
wish now to given an alternate proof for the existence of the g.c.d. which at
the same time yields a systematic finite constructive way (or an algorithm)
for obtaining it. (This is called the Euclidean Algorithm.) We assume
without loss of generality that b > 0 (go through this for b < 0 to convince
yourself that it can be done!). We then write

a:bql—H“l, 0§T’1<b.
Now if r; = 0, the process stops. If not, we write

b:7”1QQ+'I"2, O§T2<T1.



16 CHAPTER 1. PRELIMINARIES

If ro = 0, the process stops. If not, write
o =reqz+713, 0 <713 <rg

and continue until a 0 remainder is obtained, which must be the case eventu-
ally since b > ry > ro > r3 > ... is a sequence of decreasing positive integers.
Thus we have

a=bgq1 +r
b=rigs+ 1y
T =T2q3 + 73 (1.4)

Tn—2 = Tn-14n + 7y
Tn—1 = T"nqn+1,

i.e., r, is the last nonzero remainder.

Now we claim that the above Euclidean Algorithm yields the ged.

Proof: Note that r,|r,_1, so from the next to the last equation in (L4,
we see that r,|r,_», and continuing up the “scale” in ([L4), we eventually see
that r,|b and r,|a. Now if c|a and ¢|b, then the first equation in (4] implies
that ¢|ry, which implies, by the second equation that c¢|ry, and continuing
down in this fashion, we finally have that c|r,. Thus r, = gcd(a,b). O

The reader should have no difficulty in applying this algorithm to particu-
lar cases. It also should be noted that the Euclidean Algorithm, in particular
equations ([C4]), may also easily be used to write the g.c.d. of @ and b as a
linear combination of a and b, i.e., in the form xa + yb with x,y € Z.

For a,b € Z, if ged(a,b) = 1, then we say that the integers a and b are
relatively prime (or coprime).

Definition 1.2.4. The least common multiple (l.c.m.) of two nonzero
integers a and b is a positive integer t, written lem(a,b), such that a|t and
blt, and if a|c and blc, then tlc. We define lem(0,a) = 0 for any integer a.

As in the case of the g.c.d., it is easy to see that if the l.c.m. exists it
is unique. Therefore we consider the existence. Since by Definition [C2Z4
lem(0,a) = 0 for any a € Z, we now assume that both a and b are nonzero
integers. Note that there is at least one positive common multiple, namely
+ab. Thus there must exist a smallest positive common multiple. Call it t.
Let ¢ be any common multiple of @ and b. Clearly, gcd(t,c) < t. However,
alt and a|c; therefore, a|gcd(t,c). Similarly, blged(t,c). Hence, ged(t,c) is
a common multiple of a and b. Since ¢t was chosen as the smallest positive
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common multiple, we must have t = ged(t, ¢). This implies t|c, and completes
the existence proof.

We will now establish a few useful properties regarding the g.c.d. and
l.c.m. which will be used quite frequently.

Theorem 1.2.5. If m is a positive integer, then gcd(ma, mb) = mgced(a,b).

Proof: Let d = ged(a,b) and § = ged(ma, mb). Since d|a and d|b, we have
that md|ma and md|mb; consequently md|d. On the basis of Theorem [[Z3
we can write d = za + yb, where z,y € Z. Then md = z(ma) + y(mb) from
which it is clear that é|md. Thus § = md, i.e., ged(ma, mb) = mgced(a,b). O

The next theorem is actually a simple consequence of Theorem

Theorem 1.2.6. Ifm is a positive integer, and if m|a and m|b, then gcd (%, %) =
ged(a,b)

Proof: gcd(a,b) = ged(m<,m2) =m- ged(<, L), by Theorem A
division by m completes the proof. [

Corollary 1.2.7. Let d = ged(a,b). Then ged(%,%) = 1.

Proof: ged(8, %) = «4&0 — 1 [
In other words, the corollary states that when two numbers are divided

by their g.c.d., the resulting quotients will be relatively prime.
Theorem 1.2.8. If c|ab, and ged(c,b) =1, then c|a.

Proof: Since ged(c,b) = 1, there exist integers = and y such that 1 =
bx + cy. Thus a = abx + acy, and since c|ab and c|ac, it is clear that c|a. OJ

Definition 1.2.9. A positive integer p > 1 is called a prime if its only
divisors are =1 and +£p.

Using this notion, we can immediately state the following corollary to
Theorem

Corollary 1.2.10. If p is a prime such that plab, then pla or p|b.

Proof: If p|a, are done. If p|a, then we claim that the gcd(a,p) = 1. For
if d = gcd(a,p), then d|a and d|p. From the definition of prime, d|p implies
d =1 or = p (recall that the g.c.d. > 0). Since p fa, d must be 1. Now from
Theorem [L2] plab and ged(a,p) = 1 imply plb. O

As our final theorem pertaining directly to divisibility in Z, we establish
the following connection between the g.c.d. and l.c.m.
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Theorem 1.2.11. Ifa and b are positive integers, then gcd(a,b)-lem(a,b) =
ab.

Proof: Consider We can write this as

dcz DR
ab a_,
ged(a,b) — ged(a,b)

which is certainly a multiple of b. Similarly,

ab b
ged(a,b)  ged(a, b)a’
is a multiple of a. Hence 7 dazz 5 is a common multiple of a and b. Thus
lem(a, b)| =2~ Cd(a 5 Or
lem(a,b)gcd(a, b)|ab. (1.5)

Next, consider ; This is integral since lcm(a, b)|ab. Also, since a|llem(a, b),

( )
we have lem(a, b) = ac, for some ¢ € Z. This imples

ab ab_b

lem(a,b)  ac ¢

and so b/c is 1ntegral However, —|b Thus lcmab |b, Similarly, lcma |a and

ged(a, b), or

therefore W |

abllem(a,b) - ged(a, b). (1.6)

Comparing (CH) and ([CH) yields the theorem. [

As our final consideration in this section, we turn to the equivalence
relation introduced in Example [LT3 We recall that @ = b (mod m) means
m|(a — b).

We next note that any integer a is congruent modulo m to one of the
integers 0,1,2,...,m — 1. For by the Division Algorithm, we can write a =
gm—+r, where 0 < r <m, soa—r = gm, i.e.,a =r mod m, where 0 < r < m.

We therefore have m distinct equivalence classes [0], [1], [2], ..., [m — 1]
such that any integer is in one of these classes, and the classes are disjoint.
The equivalence classes for this special equivalence relation are usually called
residue classes modulo m, and a set of elements, exactly one from each
class, is referred to as a complete residue system modulo m.

We shall now establish a few properties of the congruence relation.
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Theorem 1.2.12. Ifa=b (mod m) and ¢ = d (mod m) then
(1) a+c=b+d (modm),
(2) ac =bd (mod m).

Proof: For (1), m|(a — b) and m|(c — d) imply m|(a — b+ ¢ — d), i.e.,
m|(a+c— (b+d)) which is equivalent to (1). For (2), m|(c—d) and m|(a—b)
imply m|a(c — d) and m|d(a —b). Thus m|a(c —d) + d(a —b) or m|(ac — bd),
which is equivalent to (2). OJ

Thus with regard to addition and multiplication, the congruence relation-
ship behaves like equality. This ceases to be the case with divisibility; e.g.,
it does not follow from ac = bc (mod m) that a = b (mod m). For example
9 =6 (mod 3) but 3 # 2 (mod 3). We do, however, have the following
theorem pertaining to division.

Theorem 1.2.13. Ifac = bc (mod m) and if d = ged(c, m), then a = b (mod

)

Proof: By the hypothesis, m|c(a — b).

Let ¢ = d¢’ and m = dm’ where ¢/, m' € Z, and gcd(c/,m') = 1 by the
Corollary [L2Z7A.  Then dm/|dc(a — b), or m/|d(a — b). Since (¢, m') = 1,
Theorem implies that m/|(a — b). This means that a = b (mod m’) and
since m’ = % this completes the proof. [J

We can see from this theorem that should ged(c,m) =1 (i.e., if ¢ and m
are relatively prime), then we can divide by ¢ in a relationship of the form
ac = be (mod m).

Definition 1.2.14. If n is a positive integer, the Euler ¢-function, ¢(n)
15 defined to be the number of positive integers less than or equal to n and
relatively prime to n.

One can show, that if ged(m,n) = 1, then ¢(mn) = ¢(m)p(n). Such
functions are called multiplicative. (See Theorem [L27)

Finally, suppose that a is an integer prime to the positive integer m, i.e.,
gcd(a,m) = 1. We claim that every element of the residue class [a] is also
prime to m. Thus suppose that b € [a], so b = a (mod m). If d = ged(b,m),
then since m|(b — a), d|(b — a), but d|b, so d|a. Consequently, d|a and d|m
which implies d = 1 since gcd(a, m) = 1. On the basis of this it makes sense
to say that a residue class is prime to m. We know that there are ¢(m)
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residue classes prime to m, and a set of elements, exactly one from each of
these classes, is called a reduced residue system modulo m.
We shall denote the set of residue classes prime to m by R(m).

1.2.1 Exercises

1.

Prove that if two positive integers divide each other, then they must
be equal; i.e., if a,b € N, a|b, and b|a, then a = b.

. Extend the definition of g.c.d. to three elements a,b, ¢ € Z and de-

note it by ged(a,b,c). Prove that gcd(a,b,c) = ged(ged(a,b),c) =
gcd(a, ged(b, c)). (Note that ged(a, b, c¢) = 1 does not imply that a, b,
are pairwise relatively prime.)

Show that for a,b,c € Z if a|c and b|c, and ged(a,b) = 1, then ab|c.

. Suppose ged(a,b) = 1. Show that ged(a + b,a —b) =1 or = 2.

. Prove that the product of any three consecutive integers is divisible by

6(= 3!). Try to generalize this.

Show that the set of integers 12,22, ...,m? is not a complete residue
system modulo m if m > 2.

Let aq, as, ..., a,, be a complete residue system modulo m. Show that,
if ged(a, m) = 1, then aaq, aay, ...aa,, is also a complete residue system
modulo m.

. Let ay,ay,...,a¢m) be a reduced residue system modulo m and let

ged(a,m) = 1. Show that aaq,aas, ..., asa is also a reduced residue
system modulo m.

. If ged(a, m) = 1 show that there is an integer b such that ab =1 (mod

m). Also show that ged(b,m) = 1.



Chapter 2

Introduction to Groups

In this chapter, we shall consider in some detail the algebraic structure which
will be of primary concern to us throughout, namely the notion of a group.
Actually the reader has come in contact, during his or her mathematical
career, with specific examples of groups as will be seen by the examples we
shall give. All these examples have features in common which are desirable
to axiomatize. When we prove results for the general structure, they apply
automatically to all the specific examples.

2.1 Definition of a group

Before giving the definition of a group, it is necessary to define a binary
operation on a set S.

Definition 2.1.1. A binary operation on a set S is a mapping of S x S
into S.

In other words a binary operation on S is given when to every pair (a, b)
of elements of S another element ¢ € S is associated. The fact that ¢ € S is
sometimes expressed by saying a binary operation, or just an operation, on
S is closed. This image element, ¢, is usually denoted by ab or a + b; still
other notations such as aob or a * b are also frequently used. We will adopt
for the most part the “multiplicative” notation ab instead of the “additive”
notation a + b. As a word of warning, we remind the reader that S is an
arbitrary set not necessarily a set of numbers and one should not give any
special significance to the juxtaposition (or product) ab, such as the product

21
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of numbers. The elements of S, for example, could be mappings (functions).

We shall at times speak of the “product of a and b” as the image element ab,

and we also sometimes will use “sum of a and b” for a+ b, when this notation

is in use, but again the reader should not in general think of these elements

as numbers. The reader should also note that a binary operation is defined

on an ordered pair of set elements, so that in general, ab and ba are distinct.
We now proceed to the definition of a group.

Definition 2.1.2. A group is a set G together with a binary operation
defined on G such that

1. a(be) = (ab)e, for all a,b,c € G (associative law),

2. There exists an element e € G, called the identity element, such that
ae =ea = a for all a € G,

3. To each a € G, there exists an element a=* € G, called the inverse of
a, such that aa™' = a 'a =e.

Let us remark immediately that since a group G has a binary operation
defined on it the operation is closed, i.e., for any a,b € G it must be true that
ab € GG. We also note that it is customary to talk of a group G in a given
discussion. This is actually not precise because a group, as just defined, is
a set GG together with a binary operation and it is possible that on a given
set G a number of binary operations can be introduced such that the set G
together with each of these operations is a group. In any discussion, however,
the binary operation will be fixed and there will be no confusion in speaking
just of the group G.

A set G together with a binary operation which satisfies condition (1) of
Definition is called a semi-group.

Before proving some simple consequences of the axioms of a group, we
shall give a number of examples of groups, semi-groups, and objects which
are neither. More examples will appear during the course of our development.

Example 2.1.3. Take G = Z,, the set of positive integers (also denoted by
N), and let the binary operation be usual addition of integers. Clearly G is a
semi-group, but G lacks an identity element and inverses, so that G is not a
group. [J
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Example 2.1.4. Let G = 7Z., but now take the binary operation to be usual
multiplication of integers. Again, it is clear that G is a semi-group, but not
a group since inverses (except for the integer 1) are missing. [

Example 2.1.5. Let G = Z, the set of all integers, and let the operation be
addition of integers. Then G is readily seen to be a group. G has identity 0,
and each x in G has inverse —z. [

Example 2.1.6. Let G = Z, and take the operation to be multiplication of
integers. Then G is just a semi-group. (WHY?) O

Example 2.1.7. Let G = 7Z, the set of all negative integers and let the
operation be multiplication of integers. This is not a binary operation on
Z since it is not closed, or in other words it is not a mapping into Z, and
therefore, G with respect to this operation is not even a semi-group. [

Example 2.1.8. Let G be the set of all rotations of the plane about the
origin including the rotation through 0° and take the binary operation to be
composition of maps. Then it is easy to see that G is a group. UJ

Example 2.1.9. Let G = Q, the set of all rational numbers, and let the
binary operation be addition of rationals. Then G is a group. Similarly, the
set, G = Q*, of all nonzero rationals with respect to the usual multiplication
of rationals is a group. [

Example 2.1.10. Let G = {1, —1}, i.e., the 2-element set consisting of the
integers +1, and take the binary operation to be usual multiplication. Then
G is a group. UJ

Example 2.1.11. Let G be the set of all complex n-th roots of unity, i.e.,
G={2€C|z"=1}, where C = {a+bi | a,b are real and i = /—1} is
the set of all complex numbers. Let the binary operation be multiplication of
complex numbers. Then G is a group. This example is a generalization of
the preceding one in which n = 2. Note the order of G, |G|, is n.

This group shall be denoted by . U

Example 2.1.12. Let G be the set of all complex numbers which are roots of
unity of any degree with the usual multiplication of complex numbers. Again
G is a group, but this time G is infinite (c¢f. Example [Z111). O
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Example 2.1.13. Let G be the set of all n x n matrices with real entries and
determinant not 0. Take the binary operation to be matriz multiplication.
Then G is a group. This group is called the general linear group of n X n
matrices over R, the set of real numbers. It is denoted by GL(n,R). (Recall
that if A and B are n x n matrices, det(AB) = det Adet B.) This group
can also be interpreted as a set of functions: The set of 1-1, onto, linear
transformations from the vector space R™ to itself. Matriz multiplication
corresponds to composition of these functions. [

Example 2.1.14. Let G = C", all n-tuples of complex numbers, i.e., G =
C x ... x C (n times). Let z,y € G, then x = (ay, ...,a,) and y = (b1, ..., by,),
where the a; and b; are complex numbers. Define x+y = (a1 +by, ..., a,+by).
It is easy to see that G with respect to this binary operation is a group. [

Example 2.1.15. Let A be any set. Then a mapping [ : A — A which
is both 1-1 and onto is called a permutation of A. To be more concrete,
let A ={1,2,...,n}. Any 1-1, onto function, f, from A to A is a permu-
tation (sometimes called a permutation of degree n) of A. Suppose f is
a permutation of degree n, and let f(1) = a1, f(2) = ag, ..., f(n) = a,,
where ay, asy, ..., a, is just some rearrangement of the set A (thus the name
permutation). We shall denote this situation by writing

1 2 .. n
f_ ( ay Qaz ... Qp > (21)
i.€., the bottom entries indicate the images of the top entries under the map-
ping f. S, denotes the set of all permutations of degree n. C’learlyﬂ, Sp =nl.
If f,g € S,, we take the binary operation to be composition of mapping fg;

that this is, indeed, a binary operation follows as a special case of exercise 7
in the exercises for Section [l The identity permutation, here denoted by

1, us just
1 2 ..n
1= ( 1 2 ... n )

i.e., 1 = 14 in previous notation. If f is given by (Z), then f~' is just

[ a1 az ... Qap
f_(l 2 .. n)

ITo determine a permutation f as above, there are n possibilities for a;, n— 1 possibili-
ties for as, ..., 1 possibility for a,. By the multiplicative principle of counting (in any com-
binatorics book), it follows that the number of possibly permutations f is n-(n—1)....1 = nl.
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Then S, is a group since the associative law is true in general for mappings
(see exercise 8 in the exercises for Section[Ll). This group S, is called the
symmetric group of degree n.

Let us take a look at Ss, i.e., all permutations of the set {1,2,3}:

(123 (123 (123
“\l123) "7 231) "7 \312)

12 3 12 3 12 3
fl:(132)’f2:<321)’ f3:(213)

The operation here is composition of functions; e.g., to find firs, we note
that

fira(1) = fi(r2(1)) = f1(3) = 2,
fir2(2) = fi(r2(2)) = f1(1) = 1,
fira3) = fi(r2(3)) = f1(2) = 3.

Thus fire = f3. Observe in firy, ro 1s applied first and fi next, so we read
from right to left. We could also write

f_123 123_123_f
m=\132)\312)7\213)"7®
1 2 3

5 1 9 ) to get for
example that 1 — 3 and then 3 — 2 so 1 —— 2 under firy. As another
example, consider

1 23\(1 23 123
”fl:(s 1 2)(1 3 2):<3 2 1):f2‘

Note that firy # rof1. O

and again reading from right to left, we begin with

If a group G contains only a finite number of elements, i.e., |G| < oo,
then G is called a finite group; otherwise it is called an infinite group.
Often when working with groups, especially finite groups, it is useful to draw
a multiplication table (sometimes called a Cayley table). In general, let
G = {91, ...,9n} be a group with binary operation *, the multiplication
table of G is:



26 CHAPTER 2. INTRODUCTION TO GROUPS

1o o9 . g . Gn
g1

g2

i gi * g;

9n

The entry in the row of x € G and column of y € G is x xy € G (in that
order). The reader should check that using the notation of the previous
Example EET.TH, that S35 has the Cayley table

Sz | 1 rm ry fi fo4 fs
L1 m r fi fo fs
ol 1 fs fi fo
ro |2 1o fo fs
Ll fo fz 1 ™ T2
faolfe f3 fi o 1 1
falfs Ji fo m1 1 1

If G is a group and ab = ba for all a,b € G, then G is called a commu-
tative group or an abelian group. Note from Example EET.TH, S5 is not
abelian (as a matter of fact, this implies that S,, is a non-abelian for any
n > 3). In the case of G being abelian, it is customary to adopt an additive
notation and write a + b instead of ab, 0 instead of e (or 1), and —a instead
of a™t.

2.2 Some consequences of the axioms

We shall now proceed to obtain a number of direct consequences from the
axioms of a group. Other such consequences will be given in the exercises.
We shall call all these consequences elementary properties of groups.

2.2.1 Elementary Properties of Groups

Property 1. Generalized associative law: We shall not give a careful formu-
lation of this property nor shall we prove it (the interested reader can consult
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IS4/, p. 3, 4). This property essentially means that parentheses can be in-
serted or deleted at will (just as long as the order is not changed) without
affecting the value of a product involving any number of group elements; e.g.,
if a,b,¢,d € G, G a group, then aa(bcdbb) = (aa)b(cd)bb = ((aa)b)(cd)(bb),
etc.

Property 2. Uniqueness of the identity element: We claim that the element
e of condition 2 of Definition [Z14 is unique.

Proof: For suppose that f is also an identity of G; i.e., af = fa = a for
all a € G. Then ef = e, but on the other hand ef = f, since e is an identity
element. Consequently, e = f. [J

Property 3. Uniqueness of the inverse element: We claim that for each
element a in G the element a=* of condition 3 of Definition [ZLA is unique.

Proof: Namely, suppose ab = ba = e and ac = ca = e. Then b = be =
b(ac) = (ba)c = ec = c. For each a € G we call this unique element ! € G.

U

Property 4. If a and b are elements of a group G, then there exist unique
elements x and y of G such that xa =b and ay = b.

Proof: If xga = b, then multiplying both sides on the right by a=!,
yields (zga)a™ = ba~! or that zy = ba~'. Conversely, if z = ba™!, then
ra = (ba~')a = b(a"'a) = be = b. Hence, the equation za = b has the
unique solution z = ba~!. Similarly, one shows that the equation ay = b has
the unique solution y = a~'b. O

Property 5. Alternate group definition (A): If G is a semi-group in which
the equations xa = b and ay = b are solvable for arbitrary a,b € G, then G
1S a group.

Proof: Let e be a solution of the equation xa = a. Thus ea = a. More-
over, for any b € (G, there exists an element y € G such that ay = b. Now
eb = e(ay) = (ea)y = ay = b. This shows that there exists an element e €
such that eb = b for any b € G. Now, analogously, consider the equation
ay = a and let f be a solution so that af = a. Then for any b € G there
exists an € G such that za = b; thus bf = (za)f = z(af) = xa = b, and
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we have shown that there exists an element f € G such that bf = b for any
b € G. Thus, we have

ef=f and ef=e,

so e = f, and consequently G contains an identity element. Now it follows
from the hypothesis, that there exist zg,yg € G such that xqpa = e and
ayo = e. Hence, yo = eyo = (z0a)yo = To(ayo) = Toe = g, S0 Tg = Yo = al.
This shows that the given statement is sufficient for G being a group. The
fact that it is also necessary is a consequence of Property 4 of our elementary

group properties. [J

Property 6. Cancellation laws: If G is any group, then
(a) (Left Cancellation) wx = wy implies x =y for w,z,y € G.
(b) (Right Cancellation) xz = yz implies x =y for xz,y,z € G.

Proof: Multiply both sides of (a) by w™! on the left; (b) is done similarly.
O

We note that as a consequence of the cancellation laws, if we write the
Cayley table for G there will be no duplications in any row or column. As a
matter of fact, this property of groups is quite useful to keep in mind when
constructing the table in the first place. (See also Exercise 8 for this chapter.)

Property 7. Alternate finite group definition: A finite semi-group (i.e., a
semi-group with a finite number of elements) in which the cancellation laws
hold is a group.

Proof: Clearly this property is necessary for being a group from property
6. Now suppose that A = {ay, as, ..., a,} is a finite semi-group satisfying the
cancellation laws (see Property ). Let a be an arbitrary element of A. The n
elements aaq, ..., aa, are then all distinct by the left cancellation law. Hence,
if b is an arbitrary element of A, then there exists an a; such that aa; = b,
i.e., the equation ay = b is solvable. Similarly, the equation xa = b is solvable
in A, and therefore, by Property 5, A is a group. [

Property 8. Alternate group definition (B): If G is a semi-group which has
at least one element e € G such that ae = a for all a € G (such an element
is called a right identity ), and, if among all such elements e, there is an
element f such that to each a € G there exists an element a* € G such that
aa* = f (such an element is called a right inverse), then G is a group.
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Proof: If G is a group, it is clear that these conditions are satisfied. Now
suppose (G is a semi-group satisfying our conditions. Let aa® = f. Then
faa® = ff = f = aa*. Now there exists an a** € G such that a*a™ = f.
Thus, faa*a™ = aa*a™, or faf = af, so fa = a since f is a right identity.
Thus f is an identity, i.e., af = fa = a for all a € G. Thus if G is a group
then f = e is the unique identity element. To prove that G is a group, let
aa* = f. Then

a*aa® = a”,
araf =,

a*a = f.

Hence f = e is the unique identity and a* = a~! is the unique inverse of a.

g

Property 9. Laws of exponents: By (1), we know that we can unambiguously
write ayas...a, where all the a; € G, G a group. If all the a; = g, one writes
this expression as g" and speaks of the n'™ power of g. (Note: g may not be
a number. So even though g € G and g" € G it may be that n ¢ G, e.g., if
G = GL(n,R).) Negative powers of g can be defined as follows:

g =" ="

(Note: If we just defined g~ = (g~')", then it can be proven by induction
onn that g™ = (¢g")~! for all n € N.) Finally, one defines ¢° = e. It is
then not hard to show that for m,n arbitrary integers, the following laws of

exponents hold in G:

g"g"

=g"g" =g"" (2.2)
(g")" =g™". (2.3)

’

In the case of an abelian group G written with the binary operation +,
forn € Z, and a € G, one writes na instead of a™, na = a+ ...+ a (n times),

and (—n)a = —(na) = n(—a). The laws corresponding to ([Z2) and (23
become for abelian groups

ma + na = na + ma = (m + n)a,

n(ma) = (mn)a,

where m,n € Z.
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Definition 2.2.1. Consider now an element g € G, a group. If all the
powers, g" (n = 0,1,2,...), of the element are distinct, then g is called an
element of infinite order in G.

Let us suppose that this is not the case. So there exist m, n, where m # n,
say m > n, such that ¢ = ¢". Then

gt =,
where m —n > 0. In other words, if g is not an element of infinite order,
then there exist positive integers k such that ¢* = e.

Definition 2.2.2. Let G be a group and a € G. Let n be the smallest positive
integer, if it exists, such that a” = e then n is called the order of a and we
shall write o(a) = n. One also says that a is of finite order with order n.

If o(a) = n, then all the elements
e,a,a?, ...,a" " (2.4)

are distinct. For just as above, if any were equal we would get a* = e for
t < n in contradiction to the definition of n. Moreover, we also contend
that any power a* is equal to one of the elements in (Z4]). For the Division
Algorithm gives that £k =ng+r, 0 <r <n. Then

by the laws of exponents. In addition, we see from this same relationship

that if o(a) = n, and a* = e, then n|k. Indeed, r < n, a” = e, and n is the

smallest positive integer such that a™ = e, we must have r = 0. Thus n|k.
In summary, we have our last elementary property.

n—1

Property 10. If G is a group, a € G, and o(a) = n < oo, then e, a, ..., a
are distinct, any power of a is equal to one of these, and finally a* = e if and
only if n|k.

We have seen (Example ZZT.T2) that there exist infinite groups all of whose
elements have finite orders; such groups are called periodic. In any group,
G, the identity e, of course, has finite order 1. If this is the only element of
G with finite order, then G is called torsion free.

We conclude this chapter with an important definition, viz., the notion
of a subgroup of a group GG. We shall make use of this concept throughout
the text.
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Definition 2.2.3. A nonempty subset H of a group G is called a subgroup
of G if

(a) a,b € H implies that ab € H,
(b) e € H (where e is the identity of G),
(c) a € H implies that a™' € H.

Notation: We write
H <G,

when H is a subgroup of G.

It is clear that a subgroup H of a group G is itself a group with respect
to the same binary operation given on G. The definition can be given in a
more succinct fashion, but we refer the reader to the exercises for this and
related matters. We now list a few examples of subgroups of some of the
groups given earlier in this chapter. Many more examples of subgroups will
be encountered in the course of our investigations.

Example 2.2.4. Let G = Q (Ezample [Z1.9) with binary operation to be
addition of rationals and let H = 7Z. Clearly H < G.

Example 2.2.5. Let G = GL(n,R) be the group of FExample[Z1.13 and take
H={AecG | det(A) =1}. Then H < G. (H is called the special linear
group, denoted SL(n,R).) O

Example 2.2.6. Take G = C" (Example[Z-1.13)) and H to be those n-tuples
for which the first entry 1s 0. Then H < G. [J

Example 2.2.7. Let G = {1,—1,i,—i}, i.e., the 4" roots of unity (see
Ezxample [ZZ11) and take H = {1,—1}. Then H < G. O

2.3 Exercises for Chapter 2

1. Let a,b € G, G a group. Suppose o(a) = o(b) = o(ab) = 2. Then show
that ab = ba.

2. Let G be a group and H C G, H # (). Prove H < G if and only if
a,b € H implies ab™ € H. (1 step subgroup test)
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. Let G be a group and let a € G. Let Cg(a) = {z € G | ax = za}.

Prove: Cg(a) < G. This subgroup is called the centralizer of a in G.

. Suppose G is a group which has only one element a € G such that

o(a) = 2. Prove that ax = za, for all x € G.

. (Finite Subgroup Test) Let H be a nonempty finite subset of a group

G such that a,b € H implies ab € H. Then show that H is a subgroup
of G.

. Show that the intersection of any collection of subgroups of a group G

is a subgroup.

. Let G be a group. Referring to exercises 3 and 6, the subgroup Z(G) =

NuecCa(a) is called the center of G. Describe in words what Z(G) is,
i.e., without using intersections.

. Show that if G is a finite group, its multiplication table is a Latin

square, i.e., each element of the group appears once and only once in
each row and in each column of the table.



Chapter 3

Permutations

We return in this chapter to the group Sn considered in Example
There we represented a permutation f in the form (Z1I). This representation
is not the most convenient for many purposes, and so we shall first introduce
a much more useful representation.

3.1 Cycles and cycle notation

Again we denote by A = {1,2,...,n} the set on which the permutation acts.
We shall frequently denote by a;, a;, etc. arbitrary elements of A.

Definition 3.1.1. Suppose that f is a permutation of A = {1,2,...,n}, which
has the following effect on the elements of A: There exists an element a; € A
such that. f(al) = a2, f(a2) = a3, ..., f(ax-1) = ag, f(ax) = a1, and f
leaves all other elements (if there are any) of A fized, i.e., f(a;) = a; for
J# 1,2, ... k. Such a permutation f is called a cycle or a k-cycle.

We use the following notation for a k-cycle, f, as given above

f=(a1,as,...,ax). (3.1)

Let us elaborate a little further on the notation employed in (B1]). The cycle
notation is read from left to right, it says f takes a; into as, as into as, etc.,
and finally ay, the last symbol, into aq, the first symbol. Moreover, f leaves
all the other elements not appearing in the representation (BI]) fixed. Note
that one can write the same cycle in many ways using this type of notation;
e.g., [ = (ag,as,...,ax, a1), etc. (How many ways?) Also we call k the length
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of the cycle. Note we allow a cycle to have length 1, i.e., f = (a1); moreover,
this is just the identity map. For this reason, we will usually designate the
identity of S, by (1). (Of course, it also could be written as (a;) where
a; € A)

If f and g are two cycles, they are called disjoint if the elements moved
by one are left fixed by the other, i.e., their representations (Bl) contain
different elements of the set A (their representations are disjoint as sets).

We claim that if f and g are disjoint cycles, then they must commute, i.e.,
fg = gf. Indeed, since the cycles f and g are disjoint, each element moved
by f is fixed by g and vice versa. First suppose f(a;) # a;. This implies that
9(a;) = a; and f*(a;) # f(a;) (WHY?). But since f*(a;) # f(a), 9(f(a;)) =
Fas). Thus (fg)(a;) = f(g(a:)) = f(a) while (gf)(a) = g(f(a:)) = flas).
Similarly if g(a;) # a;, then (fg)(a;) = (¢9f)(a;). Finally, if f(ay) = a; and
g(ar) = ay then clearly (fg)(ax) = ar = (9f)(ax). Thus gf = fg, proving
the claim.

Before proceeding further with the theory, let us consider a specific ex-
ample. Let A ={1,2,...,8} and let

(12345678
f_(24651738)
using the representation in (ZI). We pick an arbitrary number from the set
A,say 1. Then f(1) =2, f(2) =4, f(4) =5, f(5) = 1. Now select an element
from A not in the set {1,2,4,5}, say 3. Then f(3) =6, f(6) =7, f(7) = 3.
Next select any element of A not occurring in the set {1,2,4,5} U {3,6,7}.

The only element left is 8, and f(8) = 8. It is clear that we can now write
the permutation f as a product of cycles:

f=1(1,2,4,5)(3,6,7)(8),

where the order of the cycles is immaterial since they are disjoint and there-
fore commute. It is customary to omit such cycles as (8), i.e., elements left
fixed by f, and write f simply as

f=(1245)(367);

it being understood that the elements of A not appearing are left fixed by f.
It is not difficult to generalize what was done here for a specific example,
and show that any permutation f can be written uniquely, except for order,
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as a product of disjoint cycles. Thus let f be a permutation on the set
A={1,2,..n}, and let a; € A. Let f(ay) = ag, f*(a1) = f(az) = ag, etc.,
and continue until a repetition is obtained. We claim that this first occurs for
ay, i.e., the first repetition is say f*(a;) = f(ax) = apy1 = a;. For suppose
the first repetition occurs at the kth iterate of f and

fk(al) = flax) = apya,

and ay41 = a;, where 7 < k. Then

fHar) = 77 (),

and so f¥=9*1(a;) = a;, However, k —j + 1 < k if j # 1, and we assumed
that the first repetition occurred for k. Thus, j = 1 and so f does cyclically
permute the set {ay, as, ...,ax}. If k& < n, then there exists b; € A such that.
by ¢ {ay,as,...,ar} and we may proceed similarly with b;. We continue in
this manner until all the elements of A are accounted for. It is then seen that
f can be written in the form

f=(a1,...;a) (b1, ..., be)(c1y ooy Cm) oo (P oy By). (3.2)

Note that all powers fi(a;) belong to the set {a; = f(ay) = f¥(a1),ay =
fYar), ...;ar = f¥1(ay)}, all powers fi(b;) belong to the set {b; = (b)) =
féb1),by = fL(by),....;bp = fL(b1)}, ... . Here, by definition, b; is the
smallest element in {1,2,...,n} which does not belong to {a; = f°(a;) =
fF(ar), a2 = fH(ar),...,ar = f*Y(a1)}, c1 is the smallest element in {1,2,...,n}
which does not belong to

{ar = f(a1) = fM(ar), a2 = fH(ar),...,a = £ ar)}n{by = fO(b1) = fO(b1), ba = f'(By), ... be = f*

Therefore by construction, all the cycles in (B2) are disjoint. From this it
follows that k+/¢+m+ ...+t = n. It is clear that this factorization is unique
except for the order of the factors since it tells explicitly what effect f has
on each element of A.

In summary we have proven the following result.

Theorem 3.1.2. Every permutation of S, can be written uniquely as a prod-
uct of disjoint cycles.

Let us pause to consider some examples. It is readily seen that the
elements of S3 (see Example ZZTTH) can be written in cycle notation as
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1 =(1),(1,2),(1,3),(2,3),(1,23,),(1,3,2). This is the largest symmetric
group which consists entirely of cycles. In Sy, for example, the element
(1,2)(3,4) is not a cycle. Suppose we multiply two elements of S5 say (1, 2)
and (1,3). Now we recall from Example ZT.T3, that in forming the product
or composite here, we read from right to left. Thus to compute (1,2)(1,3):
We note the permutation (1, 3) takes 1 into 3 and then the permutation (1, 2)
takes 3 into 3 so the composite (1,2)(1, 3) takes 1 into 3. Continuing the per-
mutation (1, 3) takes 3 into 1 and then the permutation (1,2) takes 1 into 2,
so the composite (1,2)(1,3) takes 3 into 2. Finally (1, 3) takes 2 into 2 and
then (1,2) takes 2 into 1 so (1,2)(1,3) takes 2 into 1. Thus we see

(1,2)(1,3) = (1, 3,2).

The reader should note that (1,2) = f5 and (1,3) = f5 so (1,2)(1,3) =
fafo =re and 79 = (1, 3,2) by the notation used in Example ZZT.TH.
As another example of “cycle multiplication,” consider the product in S,

(1,2)(2,4,5)(1,3)(1,2,5).

Reading from right to left 1 — 2 — 2 +—— 4 +—— 4 s0 1 — 4. Now
4+—4+—4r—5+—5804r— 5. Next 5+—— 1+— 3 +— 3+ 350
5 3. Then3+—3+—1+— 1+ 2503 +— 2. Finally 2 — 5 +—
5+ 2+— 1,80 2+ 1. Since all the elements of A = {1,2,3,4,5} have
been accounted for, we have

(1,2)(2,4,5)(1,3)(1,2,5) = (1,4,5,3,2).

3.1.1 Exercises

1. In S5 perform the indicated operations; write each of the following in

the 2-row form (ZTI):

(a) (1,2,3)(1,3)(1,4,5)(1,2),
(b) (1,3,4)_1(1,2)(1,5,3,2),
(C) (1,3)_1(1,2,4,5)(1,3).

2. Determine all the elements of S;. Write each such permutation as a
product of disjoint cycles.

3. Determine all subgroups of Sj.
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4. Let the permutation f be a cycle of length k > 1 (called a k-cycle).
Show that o(f) = k.

5. Let f = g192...g, be the factorization of the permutation f € S, into
disjoint cycles g,. If each g; is an ng-cycle, £ = 1,2, ...,r, determine
o(f) and justify your answer.

HINT: Use the result of problem 4.

3.2 Transpositions

We return again to the general situation with S,. Let f € S,. If fis a
cycle of length 2, i.e., f = (a1,as) where aj,ay € A, then f is called a
transposition. It is easy to see that any cycle can be written as a product
of transpositions, namely

(a1, ...,a) = (a1, ax)(ar, ag_1)...(a1, az). (3.3)

According to (B2) any permutation can be written in terms of cycles, but the
above (B3]) shows any cycle can be written as a product of transpositions.
Thus we have the following result.

Theorem 3.2.1. Let f € S, be any permutation of degree n. Then f can be
written as a product of transpositions.

Furthermore using [B3)) and (B3), it is readily seen that if f is any per-
mutation as in (B2), then f can be written as a product of

W) =(k=1)+G—1) 4.+ (t—1) (3.4)

transpositions. The number W (f) is uniquely associated with the permuta-
tion f since f is uniquely represented (up to order) as a product of disjoint
cycles. However, there is nothing unique about the number of transpositions
occurring in an arbitrary representation of f as a product of transpositions,
e.g., in S3

(17 3, 2) = (1’ 2)(1’ 3) = (17 2)(17 3)(17 2)(17 2)a

since (1,2)(1,2) = (1), the identity permutation of S3. Although the number
of transpositions is not unique in the representation of a permutation, f, as
a product of transpositions, we shall show, however, that the parity (even
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or oddness) of that number is unique. Moreover, this depends solely on the
number W ( f) uniquely associated with the representation of f given in (B2).
More explicitly, we have the following result.

Theorem 3.2.2. If f is a permutation written as a product of disjoint cycles
and if W(f) is the associated integer given by (34), then if W(f) is even
(odd) any representation of f as a product of transpositions must contain an
even (odd) number of transpositions.

Proof: We first observe the following:
(a,b)(b,c1,..oye)(a, by, oy b) = (@, by, .y b, by cq,y ooy ct), (3.5)

(a,b)(a,by..., bk, b, c1,y .oy ce) = (a, by, .., b)) (b, c1,y ooy 1) (3.6)

Suppose now that f is represented as a product of disjoint cycles, where we
include all the 1-cycles of elements of A which f fixes, if any. If ¢ and b occur
in the same cycle in this representation for f, i.e.,

f=..a,b1,....,bk,bc1,...,cp)e, (3.7)

as in (BX), then in the computation of W (f) this cycle contributes k +¢+ 1.
Now consider (a, b) f. Since the cycles in ([BI) are disjoint and disjoint cycles
commute,

(a,0)f = ...(a,b)(a, by..., bk, b, c1, .oy ).

since neither a nor b can occur in any factor of f other than (a, by, ..., bg, b, c1, ..., ¢t).

So that using (BH) (a, b) cancels out and we find that (a,b) f = ...(b, c1, ..., ¢t)(a, by, ...

Since W((b, c1,...,c)(a, by, ....;bx)) = k +t but W(a,by,...,bg,b,c1,....¢0) =
k+t+1, we have W((a,b)f) =W (f)— 1.

A similar analysis, using (B0), shows that in the case where a and b occur
in different cycles in the representation of f, then W ((a,b)f) = W(f) + 1.
(The reader should verify this!) Combining both cases, we have

W ((a,b)f) = W(F) 1. (3.8)
Now let f be written as a product of m transpositions, say
f = (al, bl)(ag, bg)...(am, bm)

Then
(Qmy bry)..-(ag,b9)(a1,b1) f = 1. (3.9)

D).
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Iterating (BF), together with the fact that W (1) = 0, shows using (B that
W(f)£1+1+..+1=0,
where there are m terms of the form +1. Thus
W(f)==+1+1...41,

m times. Note if exactly p are + and ¢ = m — p are — then m = p + ¢ and
W(f) =p—q. Hence m = W(f) (mod 2). (WHY?) Thus, W(f) is even if
and only m is even and this completes the proof. [J

It now makes sense to state the following definition since we know that
the parity is indeed unique.

Definition 3.2.3. A permutation f € S, is said to be even if it can be
written as a product of an even number of transpositions. Simailarly, f s
called odd if it can be written as a product of an odd number of transpositions.

We note that if f and g are even permutations then so are fg and f~! and
also the identity permutation is even. Thus the set of all even permutation
on {1,...n}, denoted by A,, is a subgroup of S,,. A, is called the alternating
group. We know that |S,,| = n!. Let us compute |4,| .

Suppose A, = {fi,..., fx} so |A,| = k. Let t be the number of odd
permutations so t + k = n!. If g is any odd permutation then fig, ..., frg
are certainly all odd permutations and are all distinct, since fig = f;g if
and only ¢ = j (see Elementary Property 6). Therefore & < ¢t. Similarly, if
{91, ..., g:} designates the set of all odd permutations, and, again, if ¢ is any
odd permutation, then ¢y, ..., g:g are all even and are all distinct. Therefore
t <k. Thus t =k and since t + k =nl, k = A, = nl/2.

3.2.1 Exercises

1. Write the elements of both S3 and S; as products of transpositions
HINT: use the result of problem 2 from Section [Tl

2. Prove that any element of S,,, n > 1, can be written as a product of
transpositions of the form (1, k) where k = 2, ..., n.

HINT: First prove that for any transposition (a,b), (a,b) = (1,b)(1,a)(1,b).
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. Establish the two equations (BH) and (B:f) used in the proof of Theorem

B2Z3

. Verify the case in the proof of Theorem not done in the text. In

particular, if f € S, and a,b occur in different cycles in the disjoint
cycle representation of f, then use (B8] to show W ((a,b)f) = W(f)+1.

. Finally in the proof of Theorem B2ZZ, verify that

(a) m = W(f) (mod 2);
(b) W(f) is even if and only if m is even.

. Using the result of problem 1 above, determine both A3 and Ajy.

. Prove that for n > 2, any element of A, can be written as a product

of cycles of the form (1,2, k), where k = 3,4, ...n.

HINT: Use the result of problem 2 and also establish that (1,4, 5) = (1,4,2)(1,2,4)(1,2, )
and (1,5,2) = (1,2,j)7" = (1,2,j)*.



Chapter 4

Subsets of a Group and
Lagrange’s Theorem

In this chapter, we establish one of the most important theorems in finite
group theory, i.e., Lagrange’s Theorem. This theorem gives a relationship
between the order of a finite group and the order of any subgroup (in par-
ticular, if |G| < oo and H C G is a subgroup, then |H| | |G|). In order
to establish Lagrange’s theorem we first investigate subsets of a group and
partitions of the group with respect to these subsets.

4.1 Conjugacy

We now return from an investigation of permutation groups to the general
situation where G is an arbitrary group. In this section, we will consider two
special subgroups of G. Also we investigate a partition of GG into equivalence
classes with respect to a certain equivalence relation (conjugacy) on G. An-
other partition of G into equivalence classes (cosets) will be considered in the
final section.

If a € G, we define the centralizer of a in G, Cg(a), as follows:

Ca(a) ={g € G | ag = ga}.
Thus the centralizer of @ in GG consists of those elements in G which commute
with a. In exercise 3 for Chapter 2, it was shown that C(a) is a subgroup

of GG.

41
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Next we consider the set
Z(G) = maeGCG(a)-

Recall from exercise 7 for Chapter B that Z(G) C G is called the center of
G. Clearly, g € Z(G) if and only if ga = ag, for all @ € G, i.e., the center of a
group consists precisely of those elements which commute with all elements
of the group. Thus G is abelian if and only if G = Z(G). Since Z(G) is a
subgroup of G, the identity element e € Z(G). It is entirely possible that
for a given group G, Z(G) = {e} (e.g., see exercise 1 of this section). In this
case, one says that the group GG has a trivial center; otherwise, one says
the center of G is non-trivial.

Again let G be an arbitrary group. We introduce a relation on G as
follows: for a,b € GG, define a ~ b if and only if there is a ¢ € GG such that

a=gbg . (4.1)

Elements a,b € G related as in () are called conjugate. We claim that
(ET) is an equivalence relation on G; viz,

(1) (Reflexivity) a ~ a since a = eae™ .
(2) (Symmetry) a ~ b implies that there exists a ¢ € G such that a =
gbg~t. Solving for b, b = g tag = (g7 )a(g~!)~!. Thus b ~ a.

(3) (Transitivity) If a ~ b and b ~ ¢, then there exist elements g,h € G
such that a = gbg~! and b = hch™!. Therefore a = ghch™'g~! =
(gh)c(gh)™'. So a ~ c.

Now G is therefore partitioned according to Theorem [LT4] into disjoint
equivalence classes [a]. For this particular equivalence relation, that of (EII),
we call the equivalence classes conjugacy classes and write Cl(a) instead
of [a]. Theorem [CTA also yields

G =]]cla),

where this disjoint union (] has the same meaning as U, except that the
union is disjoint) is taken over certain a € G. Let us see next what it means
that Cl(a) = {a}. This is equivalent to the fact that gag=' = a for all g € G;
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ie, a € Z(G). Thus Cl(a) = {a} if and only if a € Z(G). If we collect all
such one element conjugacy classes together, then we can write

u(JJca), (4.2)

where the union is taken over certain a € G such that |Cl(a)| > 2.

We turn to the case of S,, to illustrate in a specific example the concept
of conjugate elements. Let f € S, then using the 2-row form of (Z1I), we
can display the effect of f on the set A = {1,2,...,n} by writing

/ :<f(11> o f?@)

U maps ¢(i) into gf(i). So gfg~

a9 g2 .. g(n) >

ot = (5 ooy st )
(Note: since ¢ is 1-1 and onto g[A] = {g(1),¢ ( ),..yg(n)} = A.) Thus,
using the cycle representation of f from Theorem B T2 we may write f as in

B2), ie., f=(a1,...,ax)(b1, ..., bg)...(h1, ..., hy), Then since e.g. f(a;) = a;+1
(1 <i<k)and f(ax) = a1 then gfg~(g(a;)) = g(ai1) (1 < i < k) and

afg ' (g(ar)) = g(ay), we can write

gf97" = (g(ar), ..., g(ar))(g(b1), ..., g(be))...(g(h1), ..., g(he)). (4.3)

As an illustration, consider S5 and let f = (1,5)(2,3,4),and g = (1,2, 3,4, 5).
To obtain ¢gfg~!, we must just see what g does to the elements occurring in
f,eg., g(1) =2, g(5) =1, etc.; hence, gfg~' = (2,1)(3,4,5).

Going back to the more general situation, let us assume now that the
cycle representation of f given in (B2) above is such that £ > ¢ > ... > ¢t and
also let’s assume that all cycles, including even the 1-cycles, i.e., elements
left fixed by f, are present. Then

M=k+0+..+t.

1

Now if ¢ € S, also, then gfg~ can be

displayed by

This is called a partition of n. If f and fare two permutations of {1,2,...,n}
which are conjugate by an element of S,,, then observing that the cycle
structure of (B3) is the same as that of [B2), we see that the same partition
of n is associated with them. Conversely, it is easy to see that permutations
having the same cycle structure must be conjugate (see exercise 2 of this
section).

We have thus proven the following result.
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Theorem 4.1.1. Two permutations of degree n are conjugate (in S, ) if and
only if they have the same cycle structure, i.e., if and only if they induce
the same partition of n. Moreover, the number of conjugacy classes in S, s
equal to the number of partitions of n.

4.1.1 Exercises

1. Prove that for n > 2, S,, has a trivial center, i.e., Z(S,) = {1}.

(HINT: Suppose f € Z(S,) and f # 1. Write f in its disjoint cycle form
(see equation ([ZA) and Theorem [ZLA). Consider the following three cases:

Case 1 f has at least one m-cycle with m > 3. Without loss of generality,
assume (a1, ag,...,ar) in () is such that k > 3. Then calculate

f+(a1,a2) and (ay,a2) - f.

Case 2 the disjoint cycle decomposition of f has at least two transpositions
(2-cycles), say k = j = 2 in (BA), i.e., f = (a1,a2)(by,b2).... Then
calculate (a1,b1,a2) - f and f - (a1,b1,a2).

Case 3 f = (a1, a2); then calculate (a1, az,a3)f and f(a1,a2,as) - recalln > 3.

In each case ay,az,as,b1,by € {1,2,...,n} and we can “calculate” all we need
to know by computing the effect of each permutation (remember permutation
is a function) acting on aj.)

2. (a) Suppose f,g € S, and they have the same cycle structure. Prove
f ~ g (~ means the relation of being conjugate).
(b) Explain why there are as many conjugacy classes in S, as there are
partitions of n. (HINT: Do it for n = 3, Ss, first!)

3. In S5 perform the indicated operations. Write the result first as a
product of disjoint cycles and then in the 2-row form (Z21I):
(a) (1,2,3)(1,3,5)(2,4)(1,2,3)7",
(b) (1,3,4,5,2)(1,2)(3,5)(1,3,4,5,2) "%

4. In Sy, determine the number of conjugacy classes and the number of
permutations in each class. (See problem 2 for Section Bl)
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4.2 Subsets of a group

We return again to the general case where GG is an arbitrary group. Let S
be an arbitrary nonempty subset of G, S C G and S # (J; such a set S is
usually called a complex of G. If S; and Sy are two complexes of G, the
product S1.5; is defined as follows:

5152 = {g1g2 e ‘ a1 c Sl and gs < 52}

If S; = {g}, a singleton set, we shall write ¢S5 instead of {g}Ss. (A similar
notation will be followed if Sy is a singleton set.) It is clear, by the associative
law, that if S7, S5, and S5 are complexes of GG, then

31(5253) - (5'152)53.
Finally if S is a complex of G, we denote by S~! the following set
S ={¢9"ges}

Using the notation just introduced, we can characterize, according to
exercise 2 of Chapter Bl a subgroup as follows: a nonempty subset H of a
group G is a subgroup if and only if

H-H'=H (4.4)

It is also clear that if S = H < G, then H> = HH = H, and H! = H.

Next suppose that H; < G and Hy < G. Assume that Hi1Hy < G. If
a; < H; and ay < Hs, then al_l € H; and a;l € H,, therefore aflagl €
H,H,. But since HyH, is assumed itself to be a subgroup, it must contain
which is the general element of Hy Hy, i.e., we have shown that HyH; C Hy H,.
Similarly,to show that H; Hy, C HsHy, we need to show that a general element
aay of HiHy is in fact in HyH,. Since HoH, C HH,, we have (ajas)™! =
a;lal_l = b1by, where by € Hy, by € Hy. This implies ajas = b;lbl_l, SO
H,Hy; C HyH,. Together, these imply H,Hy = HyH;.

Conversely, suppose that Hy Hy = HyH,. Then Hy Hy(H Hy) ™' = H HyHy *Hy ' =
H H H, = HyH H, = HyH, = H1H>, hence HiHy < G from the character-
ization of subgroups given in (EZ).

We, therefore, have established the following result.

Theorem 4.2.1. The product HyHs of two subgroups Hy, Hy of a group G
is itself a subgroup if and only if Hy and Hy commute, i.e., if and only if
H1H2 == HQHl.
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Warning: We caution the reader that when we say H; and Hy commute,
we do not demand that this is so elementwise. In other words, it is not
demanded that hihy = hohy for all hy € H; and all hy € Hs; all that we
demand is that for any hy € Hy and hy € H2 hyihy = hi,h, for some elements
Ry € Hy and h}, € Hy. For example, in Ss, if H; = {(1),(123),(132)} and
Hy = {(1),(12)} then as the reader can verify H;Hy = S5 and HyH, = Ss,
so that H1Hy = HyH;. But note that (1,2,3)(1,2) # (1,2)(1,2,3) whereas
(1,2,3)(1,2) = (1,2)(1, 3, 2).

4.2.1 Exercises

1. If G is a group written additively and 57, Ss, are complexes we write
S1 + So instead of S1.5;. Let G = Z under +. Let H = {0, £4,48, ...}
and K = {0,410, £20, ...}. Clearly H < G, K < G. Determine H+ K.
More generally, if H = {na | n € Z} and K = {nb | n € Z}. Determine
H + K. (HINT: Think of the g.c.d.)

2. Complete the proof of Theorem EZT by showing that if H; < G,
H2 S G and H1H2 S G, then H1H2 C Hng.

3. Suppose H is a finite nonempty subset of a group G such that H? =
HH C H. Prove that H < G. Is this still true if H is infinite? Why
or why not?

4. Consider the following two subgroups of Sy: H = {1,(1,2)} and V, =

{1,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)}. Is HV, < S47 Why or why not?
(V4 is sometimes called the Klein 4-group.)

4.3 Cosets and Lagrange’s Theorem

Again let G be an arbitrary group and let H C G. We shall now introduce
another equivalence relation on G. Namely, define for a,b € G

a~b if andonly if o 'be H. (4.5)
Let us show, first of all, that this is indeed an equivalence relation.

(1) (Reflexivity) a ~ a since a™*a =e € H.
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(2)

2) (Symmetry) a ~ b implies a='b € H, but since H C G, so b~ 'a =
(a™'b)~' € H and b ~ a.

(3) (Transitivity) If @ ~ b and b ~ ¢ then a™'b € H and b~'c € H, so
at'b-blc=a'lce H,and a ~ c.

Therefore we do have an equivalence relation on G.

Let us investigate what the equivalence classes, [a], for a € G, look like
for this equivalence relation. We have a ~ b if and only if a™'b € H, i.e., if
and only if b € aH. Thus [a] = aH. These classes, aH, are called left cosets
of H (recall from the previous section aH = {ah | h € H}). We know from
properties of equivalence relations (Theorem [LT4]) that either aH = bH or
aH NbH = (). Moreover,

G=]]aH (4.6)

where, as usual, the (disjoint) union is taken over certain a € G.

We also note that aH = bH if and only if a ~ b, i.e., if and only if
a~'b € H,ie., b= ah, for some h € H. In particular, bH = H = eH if and
only if b € H.

One could define another equivalence relation by defining a ~ b if and
only if ba™! € H. Again this can be shown to be an equivalence relation
on (G, and the equivalence classes here are sets of the form Ha, called right
cosets of H. Also, of course, one can write G = || Ha, where, as above, the
(disjoint) union is taken over certain a € G.

It is easy to see that any two left (right) cosets have the same order
(number of elements). To demonstrate this consider the mapping aH — bH
via ah — bh where h € H. It is not hard to show that this mapping is 1-1
and onto (see exercise 1 for this section). Thus we have aH = bH. (This is
also true for right cosets and can be established in a similar manner.) Letting
b € H in the above discussion, we see |[aH| = |H|, for any a € G.

One can also see that the collection {aH } of all distinct left cosets has the
same number of elements as the collection { Ha} of all distinct right cosets.
In other words, the number of left cosets equals the number of right cosets
(this number may be infinite). For consider the map

fiaH — Ha™'. (4.7)

This mapping is well-defined: for if aH = bH, then b = ah where h € H.
Thus f(bH) = Hbv™' = Hh 'a™' = f(aH). We did not choose the more
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suggestive “mapping” aH — Ha, which need not be well-defined. The reader
should find an example where aH — Ha is not well-defined. (Hint: Think
of H=1{1,(1,2)} in G = S3.) It is not hard to show that the mapping in
() is 1-1 and onto (see exercise 2 for this section). Hence the number of
left cosets equals the number of right cosets; this number is called the index
of H in G, denoted by [G : H|.

From the decomposition ([8), in the special case where G is finite, we
have

|G| =[G : H]|H|, (4.8)
or | B @
G H) =5 (4.9)

This establishes the following extremely important theorem in the theory
of finite groups.

Theorem 4.3.1. (Lagrange’s Theorem) The order of a subgroup of a finite
group s a divisor of the order of the group.

As an immediate corollary, we have the following result.
Corollary 4.3.2. If |G| = n, then a™ = e for all a € G.

Proof: Let a € G and o(a) = m. Then H = {e, a, ...,a™ '} is a subgroup
of G. Moreover m = |H|. So m|n, i.e., n = mk for k € Z. Hence, a" =
am™* =e. O

In the course of proving Corollary BE32, we have shown the following
result.

Corollary 4.3.3. The order of any element of a finite group is a divisor of
the order of the group.

Let us now return to the relation of conjugacy (see (1)) introduced in
the previous section. We first wish to get some information on the number
of elements in a conjugacy class.

Theorem 4.3.4. Let a be an element of the finite group G. Then Cl(a) =
G : Cg(a)].
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Proof: Let G = [],cp 9aCa(a), where A is an indexing set such that
|A] =[G : Cg(a)]. If we can show that any 2 elements of g,Cq(a) yield the
same conjugate of @ while elements from different left cosets, ggCq(a), yield
different conjugates of a then we will be done. This is because the number
of distinct conjugates of a will then be equal to the number of distinct left
cosets of Cg(a) in G, that number being [G : Cg(a)]. Thus consider g,z and
9oy, where z,y € Cg(a), then

-1 -1 _ -1
9oZAT " Go = Gafy

and
gayay g, = gaagy'.
(WHY?) However if «, 5 € A with « # 3 and if

9a0gs " = gsagy ',

then gglgaagojlgﬁ(gglga)a(gglga)*l = a, which means that gglga € Cgl(a).

In other words, g, € GgCq(a), which implies that g,Cs(a) = gsCs(a). This
is a contradiction because the decomposition was assumed to be a disjoint
one. [J

Since the number of elements conjugate to a in a finite group G is [G :
Cg(a)], that number is a divisor of G. With this information at our disposal,
we can prove the important fact that any prime power group (i.e., a group
of order p™, where p is a prime) has a non-trivial center.

Theorem 4.3.5. Let |G| = p™, p a positive prime and G a group; then Z(G)
15 non-trivial.

Proof: We first decompose G via [2): G = Z(G)UCl(a) UCI(b)U... U
Cl(h) (disjoint), where Cl(a), Cl(b), ..., Cl(h) are called nontrivial conjugacy
classes because in each case their order is > 1. Moreover, each of their orders
divides G from Theorem EE34l However since |G| = p™, it is clear then that
p||Cl(a)|, p||CLD)], ..., p||Cl(R)|. However from the disjoint decomposition
it follows that

|G| =1Z(G)| + |Cl(a)| + |CLb)| + ... + |Cl(h)], (4.10)

and we see that p must divide |Z(G)| which completes the proof. [J
We remark that equation (EZI0) is itself an important result which holds
in any finite group. It is called the class equation. The class equation says



50CHAPTER 4. SUBSETS OF A GROUP AND LAGRANGE’S THEOREM

that the order of the group is the order of the center added to the sum of the
orders of the non-trivial conjugacy classes.

We next consider a rather useful theorem. Denote again by |S| , the
number of elements in the complex S of the group G.

Theorem 4.3.6. If H < G, Hy, < G, G a finite group, then

|Hy| - |Hy|
H H,| = 12
‘12‘|mmm\

Proof: Let H = H; N Hy. Then H < (G since H; and H, are subgroups.
Moreover, H < H, and so we can decompose Hs into right cosets relative to
H. In other words,

Hy=HayUHayU...U Ha, (disjoint),
where n = [Hy : H| = |Hs|/|H| . Now from this decomposition, we see that
H\Hy =H Hay UH Hay U ...U HiHa,,.
Since H < Hy, HiH = H;,
HHy=Ha;UHayU...UHa,,. (4.11)

Moreover, we contend that this union is disjoint. For suppose Hya; N Hia; #
(0, where i # j. Then there exist elements b, ¢ € H; such that ba; = ca; or
b = aja;'. But ¢'b € H, and also aja;' € Hy. Thus ¢ 'b = aja; ' €
HyN Hy = H and so Ha; = Ha;. This implies that the decomposition for
H, given above is not disjoint, a contradiction. Thus the union in [EII) is

disjoint and we have then

|H,| - |Hy|

|H1Ha| = n|H)| =
| H|

O

We end this section with an application of Lagrange’s theorem, in partic-
ular of the first corollary of this theorem, to number theory.

Consider R(m), the residue classes prime to m which was first discussed at
the end of section R(m) is a group with respect to the binary operation

[a][b] = [ab], (4.12)
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where [a], [b] € R(m). First of all this operation is well-defined, for if [a] = [¢]
and [b] = [d], then

a=c(modm) and b=d (modm).

Hence ab = ¢d (mod m), using Theorem [L2ZT2 i.e., [ab] = [cd]. Also [ab] €
R(m), for if gcd(a, m) = 1 and ged(b, m) = 1, then it follows, by the corollary
to Theorem that ged(ab,m) = 1.

It is now a simple matter to check that the group axioms are satisfied.
We shall do so this just for one of the axioms, viz, the existence of inverses.
(See exercise 3 of this section for verification of the other group axioms.)
Indeed, let [a] € R(m), therefore ged(a,m) = 1. By Theorem there
exist x,y € 7Z such that

I=az+my or [1]=la]fz] + [m][y], (4.13)

where we define [a + b] = [a] 4 [b], a well-defined operation also by Theorem
2712 (However, this addition is not necessarily a mapping into R(m) -
actually this is a binary operation on the set of all equivalence classes. See
exercise 4 for this section.)

But [m] = [0]. Therefore ([I3) gives that [1] = [a][z]. To be done, we
must show [z] € R(m), i.e., ged(x,m) = 1. Suppose c|z and c|m, then by
ET3) |1, so ged(xz,m) = 1, and [z] € R(m). Hence, R(m) is a group and
|R(m)| = ¢(m). Thus by Corollary 1 to Lagrange’s Theorem,

[a]#™) = [1],
which implies the following result.

Theorem 4.3.7. (Euler’s theorem): If ged(a,m) = 1, then a®™ =1 (mod
m).

In the special case where m = p, a prime, ¢(m) = ¢(p) = p — 1, and we
get Fermat’s Little Theorem.

Corollary 4.3.8. (Fermat) If p is a positive prime such that p /la, then
a” ' =1 (modp)..
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4.3.1 Exercises

1. If H < G, a group, and a,b € H, show that the mapping f: aH — bH
defined by f(ah) = bh, for any h € H, is 1-1 and onto.

2. Prove that the map in (1) is 1-1 and onto.

3. Verify the other two group axioms for the multiplication of equivalence
classes in R(m) defined by [EIZ) (i.e., associativity and existence of
an identity element).

4. Let Zp, = {[0],...,[m — 1]}, for m a positive integer, where [z] is the
equivalence class with respect to the equivalence relation of congruence
modulo m. (Later, we shall also denote Z,, by the notation Z/mZ -
see Example below.)

) Show that Z,, contains all the equivalence classes.

(a
(b) Show that addition of equivalence classes defined by [n] + [k] =
[n + k] is a well defined operation on Z,,.

(¢) Show that multiplication of equivalence classes defined by [n] - [k] =
[n - k] is a well defined operation on Z,,.

(d) Finally show Z,, is a group with respect to the + operation.
Use Theorem [LZI2 above.

5. Find the left and right coset decompositions (partitions) of S3 with
respect to all of its subgroups. (See problem 3 from Section B11)

6. Let G be an abelian group of order 6. Show that there exists an element
a € G such that G = {e, a,d?, da®, a*,a%}, ie., o(a) = 6.

(HINT: Use Corollary [{.3-3 of Lagrange’s Theorem first to determine the
possible orders of elements in G. Next show that if G has more than one
element of order 2, then G must have a subgroup of order 4. This is a
contradiction (why?). Thus G can only have at most one element of order
2, say x. Similarly, show G can have at most one element of order 3, say
y. Let y € G such that y ¢ {e,z} but o(y) = 3. Show this implies G must
have an element of order 6 by considering xy.)

7. Suppose G is a finite group with precisely 2 conjugacy classes. Prove
|G| = 2.
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(HINT: Decompose G into conjugacy classes, where one of the classes is
the Cl(e). Write an equation for the |G| from this decomposition - like the
class equation (£.10). What is |Cl(e)|? Next use Theorem [{.3.4 to find the
order of the other conjugacy class. Finally, use Lagrange’s Theorem[{.3.1), in

particular equation [£.9), to write this in terms of |G|. Solve your equation
for |G| and use this to prove |G| = 2.)
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Chapter 5

Generating Sets, Cyclic Groups
and Isomorphisms

In this chapter, we shall consider the important notion of cyclic groups.
This class of groups is particularly easy to treat and all relevant structural
properties of cyclic groups will be determined here something which is at
best quite difficult or hopeless, at the present time, for other large classes
of groups. We shall also discuss in this section the concept of isomorphic
groups.

5.1 Generators and isomophisms

Let G be an arbitrary group, let S be a complex of G, and let {H,}aen be
the collection of all subgroups of G which contain S, ie., S C H, for all
a € A. The collection, {H,}aen, is clearly not empty since G itself is a
subgroup which contains S. We denote the intersection of all subgroups of
G containing S by gpe(S). That is

ng(‘S) = ﬂaEAHaa

or
gpc(S) = Nscr<aH.

(When it is clear that G is the group being considered, we use gp(S).) From
exercise 6 for Chapter B, we have gp(S) < G. From its very definition, we
have S C gp(S) and gp(9S) is contained in any other subgroup which contains

95
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S. In this sense, gpg(S) is the smallest subgroup of G containing S. We call
gp(S) the group generated by S.

Proposition 5.1.1. Let G be a group, S a complex of G, and let E be the
set of all finite products of elements of S and their inverses (including single
elements of S). Then gp(S) = E.

Proof: It is readily seen that E is a subgroup of G (see exercise 1 for
this section) and S C E. Thus gp(S) C E. However, since gp(S) < G and
S C gp(9), gp(S) must certainly contain all finite products of elements of S
and of inverses of elements of S, i.e., E C gp(S). Thus E = gp(S). O

Let us consider some examples.

Example 5.1.2. Proposition[Z 11 shows that in Sy, gp({(1,2,4),(2,3,4)}) =
gp({(1,2,3),(1,2)(3,4)}). To see this, we note that

(1,2,4) = (1,2,3)(1,2)(3,4)(1, 2, 3),

(2,3,4) = (1,3,2)(1,2)(3,4) = (1,2,3)"1(1,2)(3,4),

which shows gp({(1,2,4),(2,3,4)}) C gp({(1,2,3),(1,2)(3,4)}). To get the
reverse inclusion, we note that

(1,2,3) = (1,2,4)(2,3,4),

(1,2)(3,4) = (2,3,4)(1,4,2) = (2,3,4)(1,4,2)"".
O

We now turn our attention to the important case for this chapter. If
S = {a}, then we shall write (a) for gp({a}); and (a) will be referred to as
the cyclic subgroup generated by a. The group G itself is called cyclic
(or a cyclic group) if there exists an a € G such that G = (a), and such an
element a is called a generator of G.

Example 5.1.3. The set of integers Z. under ordinary addition is cyclic
generated by 1. (Note that —1 is also a generator. Also recall that when the
operation is addition, 1" is interpreted asmn -1 =1+ 14 ...+ 1 (n times),
whenn >0, and asn-1 = (—=1)+(—1)+...4+(—1) (|n| times), when n <0.)
O
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Example 5.1.4. If G is the group of example ZI 11, then G is cyclic and
G = ((u), where (, is what is called a primitive n'* root of unity. If
one recalls that € = cos(0) + isin(f) (Euler’s Formula), then we can take
G = €2™/™ . We should note that this example gives us a cyclic group of order
n for every positive integer n.

This group is the same as that in Example 21711 O

Before proceeding further in our discussion of cyclic groups, it will be
convenient to introduce the notion of isomorphic groups.

Definition 5.1.5. Two groups G and G5 are said to be isomorphic if there
exists a mapping
f . G1 — GQ

such that
(1) f is 1-1 and onto,

(2) f(ab) = f(a)f(b), for all a,b € G.

The second condition is sometimes referred to by saying that “f preserves
the group operation.” Also it should be noted, we have designated the oper-
ation in a multiplicative fashion (or juxtapositive) in both groups; although
we warn the reader that the elements of G; and G5 might be of an entirely
different nature, as well as the operations defined between them. Neverthe-
less from an abstract point of view, isomorphic groups are indistinguishable.
In other words, if G; and G5 are isomorphic, then any relationship involving
the binary operation holding for elements of one of the G; (i = 1, 2) holds for
the corresponding elements under the mapping for the other G; (i = 1,2).
For example, suppose f : G; — G4 satisfies the conditions of Definition B.TH,
i.e., Gy and Gy are isomorphic. Then if Gy is abelian, GGy must be abelian.
If e; is the identity of G, then f(e;) = ey is the identity of G5 (see exercise
3 for this section). If a” = e; in Gy, then f(a)" = f(a") = f(e1) = eq,
etc. Thus although their elements might be quite different, G; and G5 are
abstractly indistinguishable.

A mapping f satisfying the conditions of Definition is called an
isomorphism of GG; onto Gs. If G; and G4 are isomorphic, we will write
G1 = (5. What we have noted above in words is that an isomorphism takes
an identity into an identity, an element of order n into an element of order
n (this is somewhat stronger than just saying a™ = e; implies f(a)" = es.
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Why?), etc. We also note that if we have the Cayley table for G, then we
can use f to write the Cayley table for G5 since f preserves the operation.

Example 5.1.6. Consider C the additive group of all complex numbers and
the subgroup C of the group C™ of example|[2.1.14 of all n-tuples of the form
(,0,...,0), « € C. Clearly the mapping

C — C

a — (a,0,...,0).

is an isomorphism of C onto @, or C = C. (Verify this for yourself!) O

5.1.1 Exercises

1. Let G be a group and S a complex of G. Let E be the set of all finite
products of elements and of inverses of elements of S. Prove: F < G.

2. Show that the relation of being isomorphic, 2, on the class of all groups
is an equivalence relation. Describe the equivalence classes of .

3. Let f : G; — G5 be an isomorphism of the group G; onto the group
Go. Let e; be the identity of G; (i = 1,2). Prove

(a) f(el) = €9,
(b) f(a™') = f(a)™! for all a € Gj.
HINT: For (a), apply f to both sides of ere; = e1. For (b) use (a) together

with the definition of inverse.)

4. Prove that any group of prime order is cyclic.

(Note: If G = (a) is a finite cyclic group, |G| = o(a) - see Property [I0 of
the elementary properties of groups from Chapter[d.)

5. (a) Show that the group Z,, of problem 4 for Section is cyclic of
order n.

(b) Show that Z, = G where G is the group of Example (You
must show your map is well-defined!)

6. Let G be a group of order pq, where p and ¢ are primes such that p < q.
Prove that G does not contain two distinct subgroups of order q.

HINT: Use a proof by contradiction using Theorem [.5.0 and problem /
above.
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5.2 Cyclic Groups

Now we return to the case of G = (a), a cyclic group. Clearly, G = {a" | n €
Z}. If G is finite, then of course o(a) must be finite, say o(a) = n. Then
recalling our discussion of elements of finite order (see Property from
Chapter B2),

G ={e,a,d ...a" '}

Thus we see |G| = o(a) in this case.

Next, let Gy = (a) and Gy = (b) be two infinite cyclic groups. Consider
the mapping given by f(a") = 0" (n = 0,1,2,...). This mapping is well-
defined since G is an infinite cyclic group generated by a (all powers of a
are distinct since (7 is infinite) and f is onto Gy. Also, so f preserves the
operation. Finally if f(a") = f(a™) then b™ = b™. Since G5 is infinite cyclic,
generated by b, however, this implies n = m; hence a” = a™. Thus f is an
isomorphism mapping G; onto Gy and so G; = (G5. We have shown that
any two infinite cyclic groups are isomorphic. We note that since Z, the
additive group of integers, is infinite cyclic generated by +1, we have proven
any infinite cyclic group is isomorphic to Z.

Next suppose that G; = (a) and Gy = (b) are finite cyclic groups such that
|G1| = |G| = n. Then Gy = {e,a,d?,...,a" '}, and Gy = {e, b, %, ..., 0"}
Define again by f(a*) = b*. To show that f is well-defined, we note that if
a' = a™, with t > m say, then "™ = e and therefore o(a) = n|(t—m) (again
see Property [0 Chapter 2). Therefore b'~™ = e, since o(b) = n|(t —m), and
b* = b™. Thus f is well-defined. The rest of the justification needed to show
f is an isomorphism of G; ontp G is left as an exercise (see exercise 1 for
this section). Hence G; = (5. This shows that any finite cyclic group of
order n is isomorphic to p, (see Example BT7).

As our next consideration, we wish to determine the subgroups of a cyclic
group. Suppose that G = (a) is a cyclic group and let H # {e} be any
subgroup of G. Let ¢ be the smallest positive integer such that a' € H; such
a t exists because H must contain at least one positive power of a. For if
a* € H and a* # e then either k > 0 or k < 0. If £ > 0, we have a positive
power of a in H, i.e., a*. If k < 0, then a™® = (a*)"! € H and again we
have a positive power of a in H, i.e., a=®. We claim that H = (a'). For
suppose that x € H. Then x = o™ for some integer m since H < G = (a).
By the Division Algorithm, m = gt +r, 0 < r < t. Then o™ = a%a" and
since a” = a™a~% € H. This implies by the minimality of ¢, that r = 0 and
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m = qt. Sox =a™ = (a")?, i.e., H = (a"). Therefore we have shown that
any subgroup of a cyclic group is also cyclic.

Now suppose that G = (a) is an infinite cyclic group. We claim that
G has infinitely many subgroups. If ¢ is any positive integer, then H =
(a'y = (a7") < G. Let t; # t3 be positive integers. If (a™) = (a"2) then we
could write a2 = a™* for some m € Z and and a'* = a2 for some n € Z.
Hence a2 = a™ = a™"2. But o(a) = oo, thus m,n = £1, and a®? = a*".
Again since a has infinite order and since t; and ¢y are positive, we must
have t = t;. The only way to avoid this contradiction is to conclude that
the hypothesis (a") = (a"?) is false. In other words, we have shown that if
ty # to then (a') # (a'™). This proves the claim.

Suppose next that G = (a), and |G| = n. If H # {e} is a subgroup,
then we know, H = (a'), where ¢ is the smallest positive integer such that
a' € H. We claim that in this case t|n. For " = e € H, so n = gt by our
earlier argument on the minimality of ¢ (in the paragraph above where we
showed any subgroup of a cyclic group is also cyclic). Conversely if ¢ is a
positive integer such that t|n, then H = (a') < G. Moreover if t; and ¢, are
positive integers such that t; # to and ¢;|n and t3|n then (a'') # (a'?). For
otherwise (i.e., assume instead that (a'') = (a'2)), we must have a* = a2
and a2 = a*. Thus n|(t; — gt2), but ta|n so t5|(t; — gt2), so ta|t;. Similarly
t1]t2 and so since t1,t; > 0 we must have t; = t5, a contradiction.

Summarizing, we see that for a finite cyclic group G = (a), with o(a) = n,
then any subgroup H of G is of the form (a'), where ¢ > 0 and ¢|n. Moreover,
for each positive t dividing n, there is such a subgroup. Also distinct divisors
determine distinct subgroups. Finally since for a positive divisor d of n one
has (a')? = e if and only if n|td if and only if (n/t)|d, we conclude from
Property [ that |H| = o(a’) = n/t, as t runs through the positive divisors
of n. Of course, if ¢t goes through all the positive divisors of n, so does n/t.
Also note that the trivial subgroup {¢} = (a°). Thus in the case of cyclic
groups of finite order, the converse of Lagrange’s theorem is true, viz, for
each d|n, d > 0, there exists a (cyclic) subgroup of order d. Moreover, in this
case there is precisely one such subgroup (see exercise 2 for this section).

The converse of Lagrange’s Theorem is not true in general, i.e., if |G| =n
and d|n, d > 0, there need not exist a subgroup of order d. The smallest
example is the group Ay of order 12; it turns out that A4 has no subgroup
of order 6. This will be left as an exercise (see exercise 4 for section [.2)
after more tools are developed to handle it efficiently. We shall meet further
instances of this and will point it out for specific cases later. We point out
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now that it was no accident that the divisor was taken to be composite, i.e.,
not a prime, for prime divisors or for prime power divisors for that matter,
there must exist subgroups of such orders. These matters will be attended
to when we discuss the Sylow theorems.

Let us now summarize our results for cyclic groups.

Theorem 5.2.1. (a) Any two infinite cyclic groups are isomorphic (to 7).

(b) Any two finite cyclic groups of the same order are isomorphic (to some

fn, n > 1 - see Example[5-1.7).

(c) Any subgroup of a cyclic group is cyclic. In particular if H < G = (a)
and H # {e}, then H = (a'), where t is the smallest positive integer
such that a' € H.

(d) For an infinite cyclic group G = (a), and for each positive t, H =
(a')y < G, and distinct positive t’s determine distinct subgroups.

(e) If G = (a) is a finite cyclic group of order n, then the t in part (c)
divides n. Moreover to each positive divisor of n there is one and only
one cyclic subgroup of that order.

We shall see presently that (e) really characterizes finite cyclic groups,
but first we establish an extremely useful theorem, which will be used many
times. L

Theorem 5.2.2. Let G be an arbitrary group and let a G such that o(a) = m.
Then o(a*) = m/ged(m, k).

Proof: Let t = o(a*). Then a* = (a*)! = e which implies that m|kt (see
Property of elementary properties of groups, in chapter ). Now write

(see Corollary [CZ1)
m = ged(m, k)m/, k= ged(m, kK,
where ged(m/, k') = 1. Hence,
ged(m, k)m'|ged(m, k)kK't,

or m/|k't. because of Theorem and the fact that ged(m/,k') = 1,

we have m/|t. But m' = m/gcd(m, k), so mu. Now (ak)m/gedimk) —
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(a™)k/9edmk) — ¢ Thus t|(m/(gcd(m, k)). Therefore combining these two
results, o(a®) =t = m/ged(m, k). O

We apply the theorem immediately to the case of a finite cyclic group G of
order n. Let G = (a) = {e, a, ...,a” '}. By the theorem o(a*) = n/gcd(n, k).
Thus o(a*) = n (and a* is consequently also a generator of G) if and only if
ged(n, k) = 1. In other words, if G is a cyclic group of order n, then G has
¢(n) generators, where ¢ is the Euler ¢-function. Summarizing, we have the
following result.

Corollary 5.2.3. Suppose G = {(a) and |G| = n. Then da* is a generator of
G if and only if k and n are relatively prime. Thus there are ¢p(n) generators

of G.

Using the same notation as before, for G a cyclic group with |G| = n,
let us see which elements, a*, of G are of order d. Again by Theorem 24,
o(a*) = d if and only if d = n/ged(n, k). Thus ged(n, k) = n/d. In which
case, we can write n = 5d, k = 5i, where gecd(d,i) = 1. Thus the elements
of order d are those of the form ad’, where gcd(i,d) = 1. and 0 <i < d — 1
since k < n — 1. There are then, of course, ¢(d) elements of order d. Since
|G| = n, we have

> o(d) =n, (5.1)

d|n

an interesting number theoretic relationship involving the ¢-function.
We shall make use of (BI) directly in the following theorem. The author
is indebted to W. Wardlaw for pointing this theorem out to him. (Also see

[RI.)

Theorem 5.2.4. If |G| = n and if for each positive d such that d|n, G has
at most one cyclic subgroup of order d, then G is cyclic (and consequently,
has exactly one cyclic subgroup of order d).

Proof: For each d|n, d > 0, let ¥(d) = the number of elements of G of

order d. Then
> () =n.
din

Now suppose that ¥ (d) # 0 for a given d|n. Then there exists an a € G of
order d which generates a cyclic subgroup, (a), of order d, of G. We claim
all elements of G of order d are in (a). Indeed, if b € G with o(b) = d and
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b ¢ (a), then (b) is a second cyclic subgroup of order d, distinct from (a).
This contradicts the hypothesis, so the claim is proven. Thus, if ¥(d) # 0,
then 1 (d) = ¢(d). In general, we have 1(d) < ¢(d), for all positive d|n. But
n = Zdlnw(d) < de ¢(d), by our previous work. It follows, clearly, from
this that ¢(d) = ¢(d) for all d|n. In particular, ¢(n) = ¢(n) > 1. Hence,
there exists at least one element of G of order n; hence G is cyclic. This
completes the proof. [

Corollary 5.2.5. If in a group G of order n, for each d|n, the equation
1% =1 has at most d solutions in G, then G is cyclic.

Proof: The hypothesis clearly implies that G can have at most one cyclic
subgroup of order d since all elements of such a subgroup satisfy the equation.
So Theorem B2 applies to give our result. [

We have given a few applications along the way in this section and the
preceding one of some of our results to number theory. We end this chapter
with one further application. In particular, we claim that Theorem is
a generalization of Theorem [LZTT] i.e., ged(a,b) - lem(a, b) = ab. Let us see
how this result follows from Theorem EL38 We shall apply the theorem to
the case where G = (a) is a cyclic group of finite order. This frequently, as
we shall see in other instances, yields a number theoretic result as a special
case of a group theoretical result. Let s;, sy be arbitrary positive integers.
Choose a positive integer n such that s;|n and sg|n. Then take G = (a)
with o(a) = n. Let H; = (a®') and Hy = (a®?). Then from Theorem BZ2
|Hi| = n/si, and |Hy| = n/se. It is not difficult to show (see exercise 3 for
this section) that

Hy N Hy = (a'm™evs2y - and  HyHy = (a9°4122)),
Thus Theorem also implies that
|Hy N Hy| =n/lem(sy,s2) and  |HiHs| = n/ged(sy, s2).
Then Theorem 3.0 tells us that
(n/s1)(n/s2)

n/ged(sn, ) = LTy

which implies that lem(sy, s9)ged(s1, s2) = s159 as desired.
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5.2.1 Exercises

1. If G; and Gy are finite cyclic groups such that |G| = |G| = n and
f + Gi — G5 is defined as in the text. Show f is 1-1, onto, and
operation preserving.

2. Let G = (a) with o(a) = n. Prove that G has a unique subgroup of
order d where d|n.

HINT: Let t = n/d then H = (a') is a subgroup of order d. Suppose H; is
another subgroup of order d. Show Hy = H.

3. Let G = (a) with |G| = n. Let s1,82 > 0 be integers such that
siln (i = 1,2). Suppose H; = (a*') and Hy = (a®®). Prove that
H, N Hy = (a!m152)) and HHy = (a9°%s152)),

HINT: For the latter, use the fact that the gcd is a linear combination of sq
and sz, i.e., Theorem [LZ3.)

4. Let G be a group and a € G such that o(a) = mn where ged(m,n) = 1.
Show that one can write a = bc where o(b) = m, o(c) = n, and bc = cb.
Moreover, prove the uniqueness of such a representation.

HINT: Write mx +ny = 1, let b = a™, ¢ = ™ and use Theorem [2Z2.
For uniqueness, show using mx + ny = 1, that if b and c satisfy the stated
conditions in the problem, then they must be given as stated in this hint.

5. Prove that a group of order p™, where p is a prime and m € N, must
contain a subgroup of order p.
HINT: Use Theorem [Z11.

6. If in a group G of order n, for each positive d|n, the equation z¢ = 1
has less than d + ¢(d) solutions, then show G is cyclic.
HINT: Use the Corollary Z3 and Theorem [5.2.).

7. (W. Wardlaw) Prove that a finite group G is cyclic if and only if G

has no more than k& k — th roots of 1 for every k € N, where 1 is the
identity of G. .

HINT: A k — th root of 1 is a solution to x* = 1. Use Theorem [Z21 for
the only if part and the Corollary BLZA for the if part.



Chapter 6

Factor Groups

In the first section, we shall consider special subgroups of a group called
normal subgroups which are quite important in all of group theory. We shall
see that normal subgroups enable us to construct new groups using the set
of cosets relative to these subgroups. Finally, the last section in this chapter
considers a class of groups which contains no proper normal subgroups. Such
groups are called simple groups. In recent years the problem of determining
(or classifying) all finite simple groups has received more attention from group
theorists than any other single problem. (See the article by D. Gorenstein
[G].) The simple groups are important because they play a role in finite group
theory somewhat analogous to that of the primes in number theory. As a
matter of fact, the classification of finite simple groups has been completed.
Its proof involves some 500 journal articles covering approximately 15,000
printed pages. In the words of D. Gorenstein this “... is unprecedented in
the history of mathematics ...”

6.1 Normal subgroups

Let G be an arbitrary group and suppose that H; and Hs are subgroups of
G. We say that H, is conjugate to H; if there exists an element a € G
such that Hy = aHa™!. It is easy to see, analogously to our consideration
of conjugate elements, that this is an equivalence relation on the set of all
subgroups of GG. Thus one simply speaks of conjugate subgroups.

Analogous to the definition of the centralizer of an element a € G, we

65
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define normalizer of the subgroup H in G, denoted by Ng(H) as follows:
Ng(H)={a € G |aH = Ha}.

N (H) is clearly a subgroup of G and H C Ng(H). (When it is clear which
group we are working in, we may write N(H) for Ng(H).)

The following theorem is analogous to Theorem EE3 4. The proof, which is
the same except for notational changes, we leave to the reader as an exercise.

Theorem 6.1.1. Let H < G, G a finite group. Then the number of subgroups
of G conjugate to H (i.e., the order of the equivalence class containing H ) is

|G : Na(H)].
Next, we define the important notion of a normal subgroup.

Definition 6.1.2. A subgroup H of a group G is called a normal subgroup
of G if aHa™' = H for all a € G. We denote this by H <1 G.

Thus H < G if and only if Ng(H) = G. If G is abelian, then every
subgroup of G is normal. For an arbitrary group G, it is clear that G itself
and the trivial subgroup {e} are normal subgroups. In Sj it is not hard to
see that Az is normal. In fact A, <5, for all n € N. This follows as a special
case of exercise 4 for this section. (It also follows by considering the parity
of gfg~! for f € A, and g € S,,.)

Suppose now that N < G. If aN and bN are any two left cosets, then

(aN)(bN) = a(Nb)N = abN? = abN (6.1)

which is a left coset. Here we have used the obvious fact that if N is normal
bN = Nb for all b € G. Thus if N < G, we need not speak of left or right
cosets with respect to N because they are the same, so we can just talk
simply of a coset.

The converse of this statement given in (BJ]) above is also true and has
been left as an exercise (see exercise 5 for this section). Namely, if H < G is
such that (for all a,b € G) aHbH = cH for some ¢ € G, i.e., the product of
any two left cosets is a left coset, then H <1 G.

For the sake of examples and references, we include here a table for the
group Ay of even permutations on the set {1,2,3,4}. Let

A4 = {fh f27 ceey f12}7
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where
fl = (1>7 f2 = (172)(374)7 f3 = (173><274>7 f4 = (174)(273)7
f5:<17273)7 f6:(27473>7 f7:<17472)7 f8:(17374>7
f9:<17372)7 f102(27473)7 fll = (27374)7 12:(1727 )

The Alternating Group Ajy.
Al hl e | s Ja | Ss | Je | Jo | fs | fo | fro| fuu | fro
ol s fal s fo| fo] fs| fol|l ol fullfi
Lol ol il fal sl Je | fs | Ss | Jr | fio]| fo | Jiz| Jus
Bl Bl ] o s s Jo| Su|fiz| fol o
Jo | fal Bl | A fs | Jo | Je | Js | Jiz| Ju| o] fo
s | fs | fs | Je | Jo | Jo|Solfw|ful|l i |fa| o] f3
e | fo | fo | [s | fa | fro| Jul| fo|fra| fo| fs | fi| fa
el el fe | s | fs [ fu|fw|fielfo| fs| fo| fa|h
Js | s | s | fo | e | Juu| Jo | Sulfio] Ja| 1| fz | fo
Jol JolJulJu|fu|h | B | i || ]| fs]|fs
JolJio Sl fo | o | Ja | s | il Je| fs| i | Js
Julful Jo Sl S| sl ol fal il s fo|fs
Jilfelfulfolful fal |l h sl felfs | [

Example 6.1.3. Let us consider the set Vi = {f1, fa, f3, fa}. Referring to
our table for Ay, it is easy to see that Vy is a subgroup of Ay. (Recall from
Ezercise 4 in Y9 that Vy is called the Klein 4-group.) We claim that V4 <t Ay.
This can be shown by direct computation. (See exercise 7 for this section.)
However, here we just note that since conjugacy preserves cycle structure,

see Theorem [{.1.1]), gVag t =V, for all g € Ay, thus Vi< Ay. O

We finally note that to show an arbitrary subgroup N <1 G it suffices to
show gng=! € N for all g € G because of the following result.

Proposition 6.1.4. Let N < G, G a group. Then if aNa™' C N for all
a € G, then aNa™' = N. In particular, aNa™* C N for all a € G implies
N < G.

(See exercise 5(a) for this section for the proof.)

6.1.1 Exercises

1. Prove that conjugacy is an equivalence relation on the set of all sub-
groups of a group. Describe the equivalence classes.
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. Let G be a group and H < G. Prove

(1) H C N(H),
(2) N(H) < G.

. Prove Theorem BT

. Prove that any subgroup of index 2 is a normal subgroup.

(HINT: Consider the partition in terms of left cosets and then in terms of
right cosets.)

. Let G be a group and H < G.

(a) Prove that aHa™! C H for all a € G implies aHa ' = H.

(b) Suppose H has the property that the product of any two left cosets
of H is also a left coset of H; then prove that H < G.

(HINT: For (a) note that the condition must be true for a='. For (b)
note that the product of aH and a 'H must be a left coset. Moreover
e € aHa *H. Then apply (a).)

. Show that H = {1, (1,2)} = ((1,2)) is not a normal subgroup of S;.

. Referring to the Cayley table for Ay, let

Vi= {(1)7 (17 2)(?’?4)7 (1a3)<274)7 (1a4>(273)}7

Le., Vi={f1, f2, [3, fa}
(a)Prove V, < Ay.

(b) Write all the left cosets of Vj in Ay and then write all the right
cosets of V, in Ay.

(c) Use the result of (b) to show that Vj <1 Ay.

. Let G be a group, N <G, and H < N. Does it follow that H < G (i.e.,

is the relation of being a normal subgroup transitive)?

(HINT: Think of A4, Vi, and ((1,2)(3,4)).)

. Let G be a group and N < G. Prove N < G if and only if N consists

of complete conjugacy classes of all its elements, i.e., Cl(g) C N for all
g <€ N.
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6.2 Factor groups
Again let N << G and consider the set
{aN,bN, ...} (6.2)

of all cosets. This set will be denoted by G/N. We claim that a binary
operation can be introduced such that G/N with respect to this operation is
a group called the factor group (or quotient group) of G with respect to
N. Thus we define

aN -bN = (aN)(bN) = abN, (6.3)

i.e., we define the operation to be the ordinary product of complexes. The
operation is well-defined for if ' N = aN and &’ N = bN, then, as we know
b = bny and a’ = any where ny,ny € N. Hence

dU'N = anybny N = anybN (6.4)

since n; € N. But b~'ngb = ng € N, since N is normal, so the right hand
side of (B4l can be written as

anybN = (ab)(b~'ngb) N = abnsN = abN. (6.5)

Thus ([E4)) and ([EH) show that if N <G then o'’ N = abN, i.e., the operation
of coset multiplication defined in (G3)) is, indeed, well-defined.

The associative law is, of course, true because coset multiplication as
defined in (B3)) uses the ordinary group operation which is by definition
associative.

We claim N serves as the identity element of G/N. Indeed,

aN - N =aN?=aN,

and
N -aN = aN? = aN.

The inverse of alN is a~ !N since
aNa *N = aa"'N2 = N.

Similarly a " !NaN = N.
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To emphasize: the elements of G/N are complexes (subsets) of G. If
|G| < oo, then |G/N| = [G : NJ, i.e., the member of cosets of N in G.
It is also to be emphasized that in order for G/N to be a group N must
be a normal subgroup of G. Again, if G is finite from Lagrange’s Theorem

[G: N| =G/N | (see equation EEJ)) thus
G/N = G/N (6.6)

As some of our examples will show, it is possible to have infinite ¢, infinite
N, but finite G/N.

We now consider some examples.

Example 6.2.1. Let 6Z ={...,12,6,0,6,12, ...}, i.e., 67 is the subgroup (6)
of the group Z of integers under addition. Since Z is abelian, 6Z <1 Z. To
construct 7 /67, we first find all the (left) cosets of 6Z in Z. Consider the
following 6 cosets:

046Z={..,—12,-6,0,6,12,...},
1+6Z=1{.,—11,-5,1,7,13,...},
246Z=1{..,-10,—4,2,8,14,..},
346Z={...,-9,-3,3,915, .},
4467 =1{..,—8,-2,4,10,16,..},

546Z=1{.,—7,-1,511,17,...}.

From the above, it is evident that Z = 6Z U (14 6Z)U...U (5+6Z) (disjoint)
which shows that these are all the cosets of 6Z in Z. (This is also clear from
the Division Algorithm, for if n € Z, then n = 6q+r where 0 < r < 6. Thus
n+6Z = 6q+r+6Z =r+6Z. We also note that this shows that if [n] is the
equivalence class of n under the equivalence relation of congruence modulo 6
(see Section[LA), then [n] = [r] = r + 6Z.) Now that we know the elements
of the factor group, we write its Cayley table

ZJ6Z | 0+6Z | 1+6Z |2+4+6Z |3+6Z|4+6Z|5+6Z
04+6Z | 0+6Z | 1+6Z |2+6Z|3+6Z |4+6Z |5+ 6Z
1+6Z | 1+6Z|2+6Z|3+6Z |4+6Z |5+6Z |0+ 6Z
2464 | 2+6Z | 3+6Z | 4+6Z | 5+6Z | 0+6Z | 1+ 6Z
3+64 | 3+6Z |4+64|5+6Z|0+6Z |1+6Z |2+ 6Z
4+6Z | 4+6Z |5+64 | 0+6Z|1+6Z |2+6Z | 3+ 6Z
5+6Z | 5+6Z|0+6Z|1+6Z|2+6Z |3+06Z |4+ 6Z
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Here we note that since the group operation is +, [6-3) becomes (a+67Z)+
(b+6Z) = (a+b) +6Z. It is easy to see that |Z/6Z = Zg. (See problem }
for Section[A. As a matter of fact Z/67Z = Zg from the above parenthesized
remark.) More generally, if n € N and we let nZ = (n) = {0, £n, £2n, ...},
then Z/nZ = 7Z,,. O

Example 6.2.2. Consider G = S3 and N = ((123)). As already remarked
((1,2,3)) = A3 = {(1),(1,2,3),(1,3,2)} < S, and so |G/N| =6/3 = 2. The
elements of G/N are N = ((1,2,3)) = {(1),(1,2,3),(1,3,2)} and (1,2)N =
{(1,2),(2,3),(1,3)}. The group G/N = {N,(1,2)N} is a group of order 2
where the element (coset) N is the identity and (1,2)N - (12)N = (12)2N =
N. I

Example 6.2.3. Let G = GL(n,R) and N = SL(n,R) (see Example[ZZ3).
If A€ G, Be N, det(ABA™!) = det Adet B(det A)~! = 1. This implies
N < G. Then G/N = {AN | A € G}. We claim that X € AN if and only
if X = AB, where B € N is such that the element AN of G/N consists
of all n x n matrices in G with the same determinant as A. Indeed, if
X = AB then det(X) = det(A) det(B) = det(A). It still remains to show
that if C € GL(n,R) and det(C) = det(A), then C € AN, i.e., the other
inclusion. (This is left as exercise 1 for this section). This proves the claim.
Thus G is the disjoint union G = [[, AN (disjoint), where the union is
taken over matrices A with different determinants. If we choose for each
nonzero real number o (a € R —{0}) an A, € G such that det(A,) = «
and let A = R — {0}, then G = [[,cp AaN. Moreover, if a € A and € A
are distinct then in G/N, (A N)(AgN) = AusN. As a matter of fact,
if we just think of A, and Ag as representatives of their respective cosets
(equivalence class representatives), then we can suppress the N, and think of
this multiplication in G/N as being given by AaAg = Aag. O

When we create the factor group G//N, it is important to understand that
we are really defining every element of N to be the identity. This is apparent
from the previous example where we just suppressed the N. In Example
2], we are saying that any multiple of 6 is 0 in the factor group Z/67Z.
That is why 8 + 6Z = 2 4+ 6 4+ 6Z = 2 + 6Z, etc. In Example BEZ2], we have
(1,2)N = (2,3)N, since (2,3) = (1,2)(1,2,3) in S3 and going to the factor
group makes (1,2, 3) the identity. Group theorists often refer to the process
of creating the factor group G/N as “killing” N.
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Example 6.2.4. Let G = S, and N = V. We first note that for the same
reason as in Examplelf 13, V, <18, (i.e., gVag~t = Vj forall g € Sy, Why?).
To construct Sy /Vy, we first find all the (left) cosets of Vy in Sy. Consider

the following 6 = |S,/V,| = 4!/4 cosets:
Vi=
(17 2, 3)‘/4 = {(17 2, 3)7 (17 3, 4>7 (27 4, 3)7 (1747 2)}7
(17 3, 2)‘/4 = {(17 3, 2)7 (27 3, 4>7 (17 274)7 (1747 3)}7
(1,2)Va ={(1,2),(3,4),(1,3,2,4),(1,4,2,3)},
(1,3)Vy ={(1,3),(2,4),(1,2,3,4),(1,4,3,2)},
(2,3)Vy ={(1,4),(2,4),(1,3,4,2),(1,2,4,3)}.
We can therefore write the Cayley table for S4/Vy.
Sy/Vy Vi (1,2,3)Vy | (1,3,2)Vy | (1,2)Vy (1,3)V, (2,3)V,
Vi Vi (1,2,3)Vy | (1,3,2)Vy | (1,2)V} (1,3)Vy (2,3)Vy
(1,2,3)Vy | (1,2,3)Vy | (1,3,2)V} Vi (1,3)Vy (2,3)Vy (1,2)Vy
(1,3,2)Vy | (1,3,2)V} Vi (1,2,3)Vy | (2,3)V, (1,2)Vy (1,3)Vy
L2V | (L2Vi | @3Ve | (L9 | Vi | (L,3,2V ] (1,23)Vi
LaV: | (LOVi | (L2Vi | 23V [(L29V] Vi | (L3.2V
23V, | 23V | (L3Ve | L2V | (L3.2Vi| (L23Vi] Vi

The reader should note that this table gives a non-abelian group of order
6. As a matter of fact, Sy/Vy = S3, which can be seen immediately from the
above if we think of killing off V,. O

6.2.1 Exercises
1. Let G = GL(n,R) and N = SL(n,R) for n > 1.

(a) Let A € G and show that the coset AN = {X € GL(n,) | det X =
det A}.

(b) Let R* denote the group of non-zero real numbers with respect to
the usual multiplication. Show G/N = R*.

(c¢) Is G/N = G? Why or why not?

2. Let G = (a) be a cyclic group. Let H be any subgroup of G.
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(a) Show that H = (a®), where s is an arbitrary positive integer if
|G| = oo, while if |G| < oo, then s||G]|.

HINT: Go back to §5.2 on cyclic groups.

(b) Explain why H <<G. Show that G/H = {H,aH,...,a* *H} = (aH)
. In words this says, that a factor group of a cyclic group is cyclic.

3. Using your result from exercise 7 of Section &1l write the Cayley table
for Ay/ V.

4. Prove that A4 has no subgroup of order 6.

HINT: Assume it does. Let H < Ay with |H| = 6. Then H<1A4 (Why?). So
Ay/H makes sense. Moreover, this also implies that f2 € H for all f € Ay
(Why?). Now look at the table for Ay and count the number of squares to
come to a contradiction.) (Note this problem gives an example to show that
the converse of Lagrange’s Theorem is false.

6.3 Simple groups

For an arbitrary group, G, we recall that G and e are normal subgroups, if
these are the only ones we say the group is simple.

Definition 6.3.1. We say that a group G # {e} is simple provided that
N <G implies N =G or N = {e}.

One of the most outstanding problems in group theory has been to give a
complete classification of all finite simple groups. In other words, this is the
program to discover all finite simple groups and to prove that there are no
more to be found. This was recently accomplished through the efforts of many
mathematicians. The end result of which is called by D. Gorenstein “The
Enormous Theorem,” as noted in the introduction to this chapter. Certainly
one trivial family of finite simple groups would be all groups of prime order
p, since by Lagrange’s Theorem the only subgroups of such groups are of
orders 1 and p (i.e., {e} and the whole group). We shall presently determine
a less trivial class of simple groups. There are other families of finite simple
groups, but their determination is beyond the scope of this book. One of
the easiest-to-state results in the proof of the “Enormous Theorem” was a
tremendous result in itself due to W. Feit and J.G. Thompson (see [ETJ).
This result took a whole volume of the Pacific Journal of Mathematics (255
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pages) to prove; moreover, it is considered to have provided a great deal of
impetus to the study of the classification problem. What the Feit-Thompson
Theorem (as it is called) basically says (later we shall phrase it in a different
form) is that if G is a finite simple group and |G| is not of prime order then
GG must be even. This settled an old conjecture of W. Burnside. In the words
of D. Gorenstein, “The complexity of the proof of this easily understood
statement (the Feit-Thompson Theorem) foreshadowed the extreme length
of the complete classification of the simple groups.”

Let us now turn to the main theorem of this section. First note that
Ajz is simple, since |A3] = 3!/2 = 3. As Example shows, Ay is not
simple. It contains a normal subgroup of order 4, viz, the Klein 4-group,
Vi ={(1),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}. However, we have the follow-
ing result.

Theorem 6.3.2. A, is simple forn > 5.

Proof: Let N<A,, where n > 5. We want to show according to Definition
B30 that if N # {e}, then N = A,,. In order to do this, we first show that
if N contains a single 3-cycle, i.e., a cycle of length 3, then N = A,,. Thus,
say (i,7,k) € N. Observe that (2,i)(1,7) € A, if i # 2 and j # 1, and since
N <A,

(2,9)(1,5)(i, 4, k)(2,4) 7 (1,5) " € N,
ie. (2,1,k) € N (where we have used the fact that disjoint cycles commute).
Let f = (1,2)(k, m) where m # 1,2, k but otherwise m is an arbitrary integer
less than or equal to n. (This can be done since n > 5.) Then f € A, and
since N < A,
f,1L,E)ft=(1,2,m) €N

also (1,2,k) = (2,1,k)> € N. Thus N contains all (1,2,m) for 3 < m <
n. By exercise 7, Section B2, these cycles generate A,, so N = A,, and
we are done. If ¢ = 2 and 7 = 1, then immediately (2,1,k) € N, and
we proceed analogously. If ¢ = 2 and j # 1, then (2,7,k) € N, and so
(1, ) (k, 5)(2,7,k)((1,5)(k, 5)) "t = (2,k,1) = (1,2,k) € N. Then we proceed
analogously. Finally if ¢ # 2 and j = 1, a similar argument can be given (see
exercise 1 for this section).

Thus to complete the proof, all we must do is show that if N < A,, and
N # {e}, then N must contain a 3-cycle. To this end, choose an f € N,
f # (1), such that f leaves fixed a maximal number of the numbers 1,2, ..., n.
Suppose [ were not a 3-cycle, then there are just two cases:
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Case 1

Case 2

f, in its representation as a product of disjoint cycles, contains a cycle
of length > 3 and so must map more than 3 integers into images distinct
from their pre-images. In other words, f has a representation of the
form

F=(123.)(")-

Moreover, f can’t be of the form (1,2,3,m) since this is an odd per-
mutation (WHY?) Thus f must map at least two integers > 3, say
4 and 5, into elements distinct from 4 and 5, respectively. Now let
g = (3,4,5) € A,. Then h = gfg' € N, but h = gfg™' =
9(1,2,3,...)g7 g(..)g7 .. (WHY?), and so h = (1,2,4...)(...).... Now
if 7 > 5 and f(j) = j, then clearly h(j) = j (since h = gfg~'), so
However, f~'h € N, and f~'h(1) = 1. In other words, f~'h € N,
f7th # (1) (WHY?), and f~'h leaves fixed more elements than f.
This contradicts the choice of f. Thus this case is eliminated.

f, in its representation as a product of disjoint cycles, contains at least
2 distinct transpositions, i.e., f is of the form

f=(12)(34)...
Again, choose g = (3,4,5) € A,,. Then as above

h=gfg ' =(1,2)4,5)...

As before f~'h € N, and f~'h(j) = jif f(j) =j and j > 5. It is pos-
sible though here that f leaves 5 fixed, whereas f~'h(5) = 4. However
f7'h(1) = 1 and f~'h(2) = 2. Thus again f~'h # (1) (WHY?) and

has more fixed points than f, a contradiction.

Since the two cases exhaust the possible representations for f other than
f being a 3-cycle, we conclude that f must indeed be a 3-cycle, and by the
first part of the proof, we than get N = A,. O

On the basis of this theorem and exercise 4 of Section Bl we can easily
get further examples which show the converse of Lagrange’s theorem is false.
For example, A5 = 5!/2 = 60, but A; has no subgroup of order 30 for such a
subgroup would be normal, whereas we know Ajy is simple.

We conclude this section and chapter with a nice application of factor
groups and of some of our earlier results (i.e., Theorem obtained from
Proposition B33). With this in mind, we first prove the following result.
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Proposition 6.3.3. : If G is a group such that G/Z(G) is cyclic, then G is
abelian.

Proof: We will write Z = Z(G), the center of G. We first remark that
G/Z is defined since Z <G (WHY?). Now since G/Z is a cyclic group, let’s
write G/Z = (aZ) for a € G. Since

G = UnGZan Z7

if g and h are any elements of G then g € a*Z and h € a™Z for integers
k,m. Thus g = a2, and h = a™z, where 2, 2o € Z. Then

gh = (ak21)(ang) = a2z = (ang)(ak21) = hg.
Hence G is abelian. O
We can now obtain our desired application, i.e.,

Theorem 6.3.4. A group of order p* is abelian.

Proof: Let G be a group such that |G| = p* and let Z = Z(G) be the
center of G. By Theorem EE3H we know that Z is non-trivial. Thus from
Lagrange’s Theorem |Z| = p or = p?. If |Z| = p?, then G = Z = Z(G), and
so G is abelian. On the other hand if |Z| = p, then we consider G/Z. Now
|G/Z| = p*/p = p. Thus by exercise 4 of Section BJl, G/Z is cyclic. Hence
G is again abelian by Proposition B33, and actually |Z| = p?. O

Actually one can prove more and also show that there are precisely two
non-isomorphic groups of order p?, but we shall not go into these enumeration
matters here.

6.3.1 Exercises

1. Suppose N < A,, for n > 5 and that (i,j,k) € N where i # 2 and
j = 1, show as in the proof of Theorem that this again implies
that N = A,,.

2. Go through the proof of Theorem and answer all the questions
asked there.

3. Use the main result of this section, i.e., Theorem B32 to give another
example, different from that in the text or in exercise 4 of Section B2,
showing the converse of Lagrange’s Theorem is false.
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. Let G be an abelian simple group. Prove |G| = p, p a prime. (It is not

assumed initially that G is finite.)

Let G be a non-abelian group s.t. |G| = p®. Prove |Z(G)| = p.

. If |G| = pq, where p and ¢ are not necessarily distinct primes, prove

|Z(G)] =1 or = pq.
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Chapter 7

Homomorphisms

In this chapter, we consider a generalization of an isomorphism. In particular,
we consider mappings on groups called homomorphisms which preserve the
group operation. (They need not be 1-1 nor onto.) In the first section, we
discuss several easy consequences of the definition of homomorphism. We
also find that the important Fundamental Homomorphism Theorem is just
a consequence of some of our previous work. Finally, in the second section
we consider some special isomorphisms and homomorphisms.

7.1 Definition and Elementary Properties

We return to a consideration of mappings from one group to another.

Definition 7.1.1. Let Gy and Gs be two groups (both denoted multiplica-
tively) and let f : G1 — Go. The mapping f is called a homomorphism
if f(ab) = f(a)f(b) for all a,b € Gy. If f is an onto homomorphism, i.e.,
Go = f|G4], then Gy is called a homomorphic image of G .

In words, a homomorphism is just a map from one group to another which
preserves the operation. Let us consider two examples of homomorphisms:
the first rather general, the second quite specific.

Example 7.1.2. Let G be a group and N < G. Consider the canonical (or
natural) mapping k of G onto G/N given by k(a) = aN for all a € G. kK is
clearly onto G/N, and

k(ab) = abN = (aN)(bN) = k(a)x(b).
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Thus G /N is a homomorphic image of G. This example shows that a factor
group of a group is always a homomorphic image of the group. [

Example 7.1.3. Let G = C", as in Example[Z.1.14 Map C" to itself by
f:cr=cr

where f(aq,...,ap) = (a1,0,...,0). It is easy to see that f is a homomorphism
of C™ into itself (see exercise 1 for this section). [J

We now consider some general properties of homomorphisms.
Theorem 7.1.4. Let f: Gy — Gy be a homomorphism. Then f[G;] <

GQ.

Proof: Let e be the identity of G;. We have f(e) € f[G,], so f[G1] # 0.
Let f(a), f(b) € f[Gy]. Then f{a)f(b) = f(ab) € F[Gi]. But f(e) = f(ee) =
f(e)f(e) which implies by cancellation that f(e) is the identity element of
Gy Finally, f(a)f(a~") = f(aa~") = f(e), 50 f(a)"' = f(a~') € F[Gh]. This
shows that f[G1] < G5 by Definition 2223 O

Let us remark that in the above proof we showed two other important
properties of a homomorphism. They are:

e f(e1) = eq, where e; is the identity of G; (i = 1, 2),
o f(a') = f(a)™!, for every a € Gj.

Definition 7.1.5. Let f : Gy — G5 be a homomorphism, and let e designate
the identity of Gy as well as of Gy. Let K = {a € Gy | f(a) = e}. The set
K is called the kernel of f. We write Ker(f).

We shall presently show that if f : G; — G, is a homomorphism then
Ker(f) <Gy, but first we note the following basic property.

Theorem 7.1.6. f is 1-1 if and only if Ker(f) = {e}.

Proof: If f is 1-1, since f(e) = e, e can be the only element which maps
to e, i.e., Ker(f) = {e}. Conversely, if Ker(f) = {e}, then if f(a) = f(b),
we have f(a™'0) = f(a™1)f(b) = f(a)"1f(b) = e since f(a) = f(b). Thus
atbe K={e}. Soab=e,and a =0b. O

Theorem 7.1.7. If f : Gy — G4 is a homomorphism then Ker(f) < Gj.
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Proof: We have already seen that e € Ker(f). If a,b € Ker(f), then
f(a) = e and f(b) = e, so f(ab) = f(a)f(b) = e; hence ab € Ker(f). Also
fla)y=fla) ' =et=e ie,ifa € Ker(f), then a™! € Ker(f). We have
so far shown that Ker(f) < G;. To see that it is normal, suppose k € Ker(f)
and a € G. Then f(aka™) = f(a)f(k)f(a™') = f(a)ef(a)™! = e. Therefore
k € Ker(f) implies that aka™ € Ker(f). This says aKer(f)a™' C Ker(f)
for all a € G. This is sufficient to show Ker(f)<G, according to Proposition
0. T4 [

In the case of the canonical map x : G — G/N (see Example [[T7),
k(a) = N (the identity element of G/N) if and only if aN = N if and only
if a € N. Thus Ker(k) = N.

We observe (see exercise 2 for this section) that if G, G, G3 are groups
and if f; : G; — G5 and f5 : Gy — G3 are homomorphisms then fof; : Gy —
(3 is a homomorphism.

Suppose again that f : G; — G2 is a homomorphism with K = Ker(f).
We observed, for general mappings in section [[1] that there is associated
with f a factorization

Gy 5 G 2 flGh] 5 G,

such that f = igk, k is onto, g is 1-1 and onto, while ¢ is an injection
mapping. Also recall that was a set of equivalence classes, determined by
the equivalence relation: a ~ b if and only if f(a) = f(b). Consider the
equivalence class of a € Gy, namely [a]. Now b € [a] if and only if b ~ a if
and only if f(a) = f(b) if and only if f(a~'b) = e if and only if a~'0 € K if
and only if b € aK. Thus [a] = aK and G, is precisely G1/K and & is the
canonical homomorphism. Thus we have

G155 Gi/K S flGh] 5 Ga.

Now i, being an injection mapping, is an isomorphism of f[G;] into Gs.
Finally we claim that g is an isomorphism of G;/K onto f[G1]. We know,
in general that g is 1-1 and onto, thus all that needs to be shown is that g
preserves the operation. Now g(aK) = f(a), recalling the definition of g, so

9(aKbK) = g(abK) = f(ab) = f(a)f(b) = g(aK)g(bK).

Consequently, we have f[G1] = Gy/Ker(f).
We have thus established the fundamental result stated below.
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Theorem 7.1.8. (Fundamental Homomorphism Theorem (FHT))
(I) If N < G, a group, then G/N is a homomorphic image of G.

(II) If f : G1 — Gy is a homomorphism, then Gy/Ker(f) = f[Gy]. In
particular, if Gy is a homomorphic image of G, then G1/Ker(f) = Gs.

We note that the significance of this theorem is that it relates two seem-
ingly unrelated concepts, i.e., concepts of factor group and homomorphic
image. In particular, the FHT basically says that these two concepts coin-
cide.

Example 7.1.9. Let f : Zg — Z3 defined by ( 8 i 3 g . Itis not

4 5
1 2
hard to verify that f is a homomorphism of Zg onto Zs. Ker(f) = {0,[3]}
is the subgroup of Zg generated by [3], i.e., ([3]). (Here |a] is in the notation
of Exercise # 4 in §.3.) FHT implies Zg/([3]) = Z3. We note that this
example could also have been given as follows: Let f : Z./67 — 7./37 defined
by f(i+6Z) =i+ 3Z for any i € Z. The reader should verify again that this
1s a homomorphism, find its kernel and state the conclusion of FHT in this
case. [J

7.1.1 Exercises

1. Prove that the map in Example is a homomorphism.

2. Let G, G, G3 be groups. Suppose fi : G; — Gy and f5 : G5 — G5 are
homomorphisms. Then show f5f; : G; — Gj is also a homomorphism.

3. Verify that the mapping defined in Example [[LT.9 is a homomorphism.
In the second case, i.e., the map f : Z/6Z — Z/37Z, show f is well-
defined, f is a hom, find Ker(f), and state the conclusion of the FHT
for this f.

4. Verify that f : R — C defined by f(z) = cos(2rz) + isin(27z) (=
e*™?) is a homomorphism of the additive group of R onto the group
of all complex numbers of absolute value 1. (Recall if z = a + bi,
|z| = va? + b2.) What is Ker(f)? State the conclusion of the FHT for
this map.
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7.2 Special Homomorphisms and Isomorphisms

We conclude this chapter with some considerations of special homomorphisms
and isomorphisms. First we define the notion of an endomorphism. A ho-
momorphism

f:G—G

of a group into itself is called an endomorphism. An isomorphism of a
group G onto itself is called an automorphism. For example, the mapping
of the additive group of complex numbers C, given by z — Z, the complex
conjugate, is an automorphism of C (see exercise 1 for this section).

Let G be a given group. We denote by Aut(G) the set of all automor-
phisms of GG. This set is a group with respect to the binary operation of
composition of mappings: For clearly 15 € Aut(G) and is the identity ele-
ment. The associative law is true for mappings with respect to composition
and if f € Aut(G) then f~1 exists and f~! € Aut(G) since

f7Hab) = @) f D)
= [ @) F(FHD))
= f_1<a)f_1<b)a

since composition is represented by juxtaposition. Is this sufficient to show
Aut(G) is a group with respect to composition? WHY or WHY NOT? (See
exercise 3 for this section.)

Now we consider special kinds of automorphisms of a group G. Let a € G,
and consider the mapping ¢, : G — G defined by ¢,(x) = axa™'. We contend
that ¢, € Aut(G). We leave it as an exercise to show ¢, is 1-1 and onto.
We note ¢q(zy) = arya™ = (axa ) (aya™) = ¢du(x)Pa(y), and so ¢, is an
automorphism of G. It is called the inner automorphism determined by
a.

For future reference, we note here the following result.

Proposition 7.2.1. Let G be a group, H < G, and a € G. Then aHa™' <
G.

Proof: Since the inner automorphism ¢, : G — G is a homomorphism,
we can apply Theorem [T to imply that the image of H under a, i.e.,
$q|H] = aHa™', is a subgroup of G. In words, Proposition [LZ1] says that
the conjugate of a subgroup is a subgroup. [
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All elements of Aut(G) (if there are any) which are not inner automor-
phisms are called outer automorphisms. Let us denote the set of all inner
automorphisms of G by Inn(G). We claim that Inn(G) < Aut(G). To show
this, we consider the mapping ¥ of G into Aut(G) given by a — ¢,, i.e.,

P(a) = Pa. (7.1)
It is obvious that ¢, is onto Inn(G). Also ¥ (ab)da, but

¢a¢(x) = ¢a( b(x))
= ¢q(bxb™ 1)

Thus ¢u = ¢.¢p so the mapping 1 preserves the operation, i.e., 1 is a
homomorphism. Theorem [LT4 implies that the image at Inn(G) = ¢[G] is
a subgroup of Aut(G). Now let f € Aut(G). Then

foaf~Hz) = flafH(x)a™)
= fla)f(f7 () f(a)")
= fla)zf(a)™!
= (bf(a)(x)a

e, fouf ' = s € Inn(G). Thus Inn(G) < Aut(G).

Finally, let us consider the kernel, Ker(1), of the homomorphism given
in (LT)). Let K = Ker(y). Now K consists of those and only those elements
a € G such that ¢, = 1g, i.e., ¢,(x) = lg(z) = x, for all z € G. In other
words,

balw) = aza”' =z,

for all z € G. Thus K = Z(G), the center of G. Thus the FHT (Theorem

[LTH) implies that
Inn(G) 2 G/Z(G).

We have therefore established the following result.

Theorem 7.2.2. The set Inn(G) of all inner automorphisms of a group
G is a normal subgroup of the group Aut(G) of all automorphisms of G.
Moreover, Inn(G) = G/Z(G).
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7.2.1 Exercises

1.

Prove that the map z —— Z, where z = a + bi, Z = a — ib is an
automorphism of C under +.

. In the text, we did not show that Aut(G) was closed with respect to

composition, i.e., that composition is a binary operation on Aut(G).
Show it. (You may use the result of exercise 2 for Section [Z11)

For an arbitrary group G, let a € G and define ¢,(r) = ara™! for
all z € G. Show ¢, is a 1-1 and onto map of G onto G. Finally
show that ¢, preserves the group operation. This exercise shows that
¢a € Aut(G) (¢, is the inner automorphism determined by a.)

Show that if G is a group with trivial center (Z(G) = {e}), then its
group of automorphisms, Aut(G), is also a group with trivial center.

(HINT: Let f € Z(Aut(Q)). For any x € G, let ¢, € Inn(G). Then fo, =
bof (Why?). Use this to show that for any y € G, x=1f(z) € Ca(f(y)).
Infer the result from this.)
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Chapter 8

Solvable Groups, Double Cosets
and Isomorphism Theorems

We shall consider in this chapter a number of concepts which play an ex-
tremely important role in algebra in general. Here, for the most part, the
theorems established will be introductory, and will subsequently be used to
establish much deeper theorems. We shall begin with a discussion of a spe-
cial class of groups called solvable groups. Later, we shall return to such
groups, and we shall then give an alternate characterization of them and
prove more properties related to solvable groups. This name comes from the
fact that solvable groups are used in a subject called Galois Theory (also a
part of algebra but not treated here) to determine whether or not a polyno-
mial equation is solvable in terms of taking n — th roots; i.e., to determine
whether or not a formula for the roots of a polynomial like the quadratic
formula (case n = 2) can be found. If such a formula can be found, we say
the polynomial equation is solvable by radicals. It turns out that not all
polynomial equations of degree > 5 are solvable are by radicals. The reason
for this is that the symmetric group Sn is not a solvable group for n > 5 (cf.
Theorem B.37)).

We also discuss in the final section the so called correspondence theorem
and two of the three isomorphism theorems. These theorems describe re-
lationships between factor groups, normal subgroups, and homomorphisms.
The reader should be cautioned that neither the numbering nor the content
of these theorems is standard. So, for example, what is called the second
isomorphism theorem here may be called the third isomorphism theorem in
another text. Also some authors include what we have called the Funda-
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mental Homomorphism Theorem (Theorem [T.]) as one of the isomorphism
theorems. It should also be pointed out that analogs of these theorems are
true for almost every type of algebraic system. (Examples where these hold
other than groups, which the reader may be familiar with, are vector spaces.)

8.1 Commutators and solvable groups

We begin our discussion with the following basic notion.

Definition 8.1.1. Let G be a group and let a,b € G. The product aba='b~*
is called the commutator of a and b. We write |a,b] = aba~'b".

Clearly [a,b] = e if and only if a and b commute.

Definition 8.1.2. Let G’ be the subgroup of G which is generated by the set
of all commutators of elements of G, i.e., G' = gp({[x,y] | =,y € G}). G is
called the commutator (or derived) subgroup of G.

If we recall our discussion on the subgroup generated by a subset of a
group G, then we know that G’ consists of all finite products of commutators
and inverses of commutators. (See Proposition ET1l) However, the inverse of
a commutator is once again a commutator (see exercise 1 for this section). It
then follows that GG is precisely the set of all finite products of commutators,
i.e., G is the set of all elements of the form

hihs...hy,

where each h; is a commutator of elements of G.
The following proposition shows that the commutator subgroup is always
normal.

Proposition 8.1.3. If G is a group, then G' < G.

Proof: If h = [a,b] for a,b € G, and x € G, zha™ = [zaz™!, xbx™] is
again a commutator of elements of G. Now from our previous comments, an
arbitrary element of G’ has the form hqhs...h,, where each h; is a commutator.
Thus z(hyhy...h,) ™' = (zhiz™t) (zhex™!)...(xh,z™!) and since by the above
each zh;x~! is a commutator z(hihs...h,)xz~ € G’. Using Proposition BT,
we have proven G <1 G. [J
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We next contend that the factor group G/G’ is an abelian group and that
actually G’ is the smallest normal subgroup that enjoys this property. (Note
that if G is a finite group and if |N| > |G’|, where N < G such that G/N is
abelian, then |G/G'| > |G/N]|, so we are actually discovering the “largest”
abelian homomorphic image of G.)

Theorem 8.1.4. G/G’ is an abelian group. Moreover, if N < G such that
G/N s abelian, then G' C N.

Proof: In order to establish the first part of the theorem, let aG’ and bG’
be any two elements of G/G’. Then

[aG', bG'] = aG' - bG'(aG') 7L (bG')
=aG - bG'a G - bIE

= aba b 1G

el

since [a,b] € G'. In other words, any two elements of G/G’ commute (recall
that in the factor group G/G’, G’ functions as the identity element). Hence
G /G’ is abelian.

Next let N<G. If N does not contain G', then N certainly cannot contain
all commutators of elements of G (recall that the group generated by a set
is the smallest subgroup containing that set - see §5.1). Thus let a,b € G
be such that [a,b] ¢ N. Then [aN,bN] = aba 'b"*N = [a,b]N # N. Hence
G/N is non-abelian. Taking the contrapositive completes the proof. O

In general, we know (see exercise 8 for Section[B]l) that a normal subgroup
of a normal subgroup need not be normal in the whole group. However, the
following theorem shows that in the special case of the commutator subgroup
of a normal subgroup, we can state that this is normal in the entire group.

Theorem 8.1.5. Let NG, a group, and let N’ be the commutator subgroup
of N. Then N' < @.

Proof: Let ¢ = [a,b] where a,b € N. Then for an arbitrary = € G, we
have
rex™! = zaba b ot
= (zaz V) (xbz ) (za 271 (20 27 )
= (zax™")(xbz™')(zaz™) "1 (xbz=1) ™!

= [zax™!, xbz™1].

1
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Since N <1 G, zax™' and zbz~! € N, we have zcx™! € N, where ¢ was an
arbitrary commutator of elements of N. It follows directly from this that
N <G (WHY?). O
We consider next the following sequence of subgroups of an arbitrary
group G:
L. CG"CcG cG Ca, (8.1)

where G” is the commutator subgroup of G’, G is the commutator subgroup
of G”, etc.

Definition 8.1.6. If the above sequence of subgroups of a group G given
in ([8) contains the trivial subgroup, i.e., {e}, then the group G is called
solvable.

If G is abelian, then G = {e}, and so an abelian group is solvable. The
converse is false, e.g., S3 can be shown to be solvable (see exercise 2 for this
section), but of course S is non-abelian. We also observe that A, for n > 5 is
not solvable. We have A = A,,, for n > 5, since by Theorem we know
that A, is simple (and non- abelian) for n > 5. We mention in passing that
the Feit-Thompson Theorem alluded to earlier (see the beginning of Section
E3) states: Any group of odd order is solvable.

8.1.1 Exercises

1. Prove that the inverse of a commutator is a commutator.

2. Let G be a group and G’ be its commutator subgroup. Prove: G is
abelian if and only if G' = {e}.

3. Write the element (1,2,3) € S3 as a commutator of elements of Ss.

4. We can define the sequence of subgroups, called the derived series,
inductively as follows:

Gt cag™Wc..c@ c@ ca, (8.2)

where G’ = GW is the commutator subgroup of G, and G0+ is the
commutator subgroup of G, for i > 0. Prove that every term in the
derived series, (82) above, is normal in G. (HINT: Theorem BTH)

5. Find G’ if G = S5. Prove that Sj is solvable. (HINT: Aj.)
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6. Prove that S, is not solvable for all n > 5. (What do you think about
S47)

8.2 Double cosets

We turn now to another important decomposition of an arbitrary group G
into disjoint complexes. Such decompositions will play an important role in
our later considerations of the Sylow Theorems.

Let G be an arbitrary group and let H; and Hs be subgroups of GG. For
a,b € G, we define

a~b if and only if  hjahs =0 (8.3)

where hy € Hy and hy € Hy. We contend first of all that the relation given
in (B3) is an equivalence relation on G. To see this, we note

1. (Reflexivity): a ~ a since eae = a, where e is the identity element and
e € Hy and e € H, since H; < G, Hy, < G.

2. (Symmetry): a ~ b implies there exist hy € H; and hy € H, such
that hiahy = b, but then a = h{'bhy*, so b ~ a since h;' € H; and
hy' € H,.

3. (Transitivity): If a ~ b and b ~ ¢, then there exist elements hy, h| € H;
and hg, b, € Hy such that

hiahy =b and hlahl, =c,

whence
hllhlahéhg = C.
Since hih € Hy and hyohl, € Hy, we have that a ~ c.

Thus ~ given by (B3)) is indeed an equivalence relation on GG. We next
take a look at the equivalence classes.

Definition 8.2.1. Let G be a group with subgroups Hy and Hy (not neces-
sarily distinct). If a € G, the complex HyaHs is called a double coset with
respect to Hy and Hy. By definition,

HlaHg = {hlahz eG ‘ hl € Hl,hg € HQ}
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For a € G, the equivalence class [a] of a as we recall, contains all b € G
with b ~ a. By the definition given in ([83), this means b = hjahy, where
h, € Hy and hy € Hy. Thus b € HyaH,. As the above statements are all “if
and only if”, we see that [a]| = HjaHs, the double coset given in Definition
RZT. By our general theorem on equivalence relations, Theorem [LT4 we
know that either

HlaHg :Hleg or Hla,HgmHleg :(b

and
G = H HlaHg

where the union is taken over certain a € G. The identity element e belongs
to the complex HyHs.

If Hy = {e}, then we simply get the right coset decomposition of G with
respect to Hy. If Hy = {e}, then we have the left coset decomposition of G
with respect to Hy. Thus the double coset decomposition of a group may
be viewed as a generalization of the coset (right or left) decomposition of
a group. However, the reader should be careful not to generalize all facts
related to coset decompositions to the case of double coset decompositions.
For example, we saw that any two cosets of a finite group have the same
number of elements. We shall presently see that this is not the case with
double cosets.

Let us consider the double coset HiaHs. Clearly HiaHy contains all right
cosets of the form Hiahy, where hy € Hy and HiaH, contains all left cosets
of the form hiaH, where hy € H;. We claim, as a matter of fact, that HiaH,
is a union of right or left cosets of the above form. For suppose that

gH2 N Hla,Hg 7é @

Then there exist elements ho, h, € Hy and hy € H; such that

ghé = hlahz
or g = hyahy(hh)™'. This implies that
gH> = hiaHs,

and so gHy C HyaH,. Since this shows that any left coset which has anything
at all in common with HyaH,, must be totally contained in HyaH,, we have

HlaHg = UhlhlaHQ. (84)
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Similarly, it can be shown that
HlaHg = UhQHlahg. (85)

Next, we wish to ascertain the number of left and right cosets in the
double coset. Even though this number can be finite for an infinite double
coset, we assume |G| < co. This is contained in

Theorem 8.2.2. Let G be a finite group, let Hi < G, Hy < G, and let
a € G. Then

(a) The number of right cosets of Hy in HiaHy is [Hy : Hy Na 'Hyal.
(b) The number of left cosets of Hy in HiaHy is [a~ Hya : Hy N a 'Hyal.

Proof: We first note that a~'Ha is a subgroup by Proposition 211
Consider the mapping of the double coset HyaH, onto the complex a™' HyaH,
given by hiahy — a~thiahs. It is easy to show that this map is well-defined,
1-1, and onto (see exercise 2 for this section). Thus |HiaHs| = |a~HyaH,)|.
But a 'H,aH, is the product of two subgroups a 'H;a and H, so by the
product theorem (Theorem 30,

|a*1H1a||H2|

—1
Hia- Hy| = .
|a 1 2| |CL_1H1amH2|

Now according to (84)), the number of left cosets of Hy in HyaHs is |HiaHs| /| Ha|.
Thus the number of left cosets of Hy in HyaHs is

la~Hyal

e Hhan g ¢ e the bl

This establishes part (b) of the theorem. A similar argument establishes part
(a) (this is left as an exercise). [J

Under the same hypotheses as in Theorem BZZ we use the notation
#(HyaH>3) to be the number of right cosets of H; in HyaH; times |H;| (note
from (BH) that #(H,aHy) = |HiaHs|). Thus Theorem implies that

‘H2‘
#(HiaHy) = - | Hyq|.
(Hraf;) la='Hya N Hs| ]

This proves the following result.
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Corollary 8.2.3. Let G be a finite group and let Hy < G, Hy < G. If
G =11, HiaH, (disjoint), then

" |H,y||H,|
L (5.6)
- J
7=1
where d; = |aj’1H1aj N Ho|.

8.2.1 Exercises

1. If Hy < G, Hy < G, G agroup, and a € GG. Show that the double coset
HiaH, is such that

HlaHg = ﬂhQHlahz

where h, ranges over certain elements of Ho.

2. Let Hy < G, H, < G, G a group, and a € G. Let ¢ : HaHy —
a"'HiaH, be defined by ¢(hiahy) = a~'hiahs, where hy € H; and
hy € Hy. Show ¢ is well-defined, 1-1, and onto.

3. Following the proof of part (b) of Theorem BZ2, prove part (a), i.e.,
the number of right cosets of Hy in HyaH, is [Hy : Hy Na™'Hyal.

4. Find the double coset decomposition of S3 with respect to H; = Hy =

{(1),(1,2)}.

5. Let G be a finite group and H < G such that Ng(H) = N(H) = H,
and any two distinct conjugate subgroups of H have only the identity
element in common. Let N be the set of elements of G not contained

in H nor in any of its conjugates, together with the identity. Show that
[H|[(IN]=1).

HINT: First use the given together with Lagrange’s Theorem (in particular
equation [{-8)) and Theorem I to show that |[N| = [G : H|. Next de-
compose G into double cosets with respect to N(H) and H and use equation
(B4). Now the identity e € G belongs to some double coset, so we may
assume that a; = e, in the line before equation (84). Finally this implies
that in (88) di = |H|, but all the other d; = 1. (Why?) Use the resulting

relation to get the desired result.
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8.3 Isomorphism theorems

Let G; and G5 be two groups and let f : G; — G5 be a homomorphism of
G onto Gy. Furthermore, let K = Ker(f). If H; < Gy, then (see Theorem
[CTA) f[H,] < Gy. If Hy < G5 then it is readily seen that H = f~1[H,] < G;:
For if hy, hy € H, then

f(hihy") = f(g1) f(ho)™! € Ha,

SO hlhgl € H (see Chapter Bl exercise 2). Now since ey € Hjy, where ey
designates the identity of Gy, we have K = f~!(ey) C H = f~!(H,) and so
f(H) = Hs, since f is onto and also using exercise 6(b) from Section [J. We
therefore have shown that any subgroup Hs of G is of the form

Hy = f(H), (8.7)

where H < G satisfies the condition that Ker(f) C H.
Finally let H be any subgroup of (G; that contains the kernel, K. Then,
of course,

H C Hy = f~'[f[H]).

(See exercise 6(a) of Section [Tl where an equality is given if f is 1-1, but the
above inclusion holds for any f. Why?) However since f is a homomorphism,
we can show equality. For if hy € Hy, then f(hy) € f[H], so f(h1) = f(h),
where h € H. Thus h; = hk, where k € K (note f(h™'hy) = ey), but
K C H; whence hy € H, and we have

fUfIH]) = H. (8.8)

With these results at our disposal, we are now in a position to prove the
following result.

Theorem 8.3.1. (Correspondence Theorem) Let f : G — Gy be a homo-
morphism of the group Gy onto the group G with K = Ker(f). Let { Huy}aeca
be the class of all subgroups of G1 which contain K. The mapping (or corre-

spondence)
o H, — f[H,]

is a 1-1 correspondence between the family { Hy}aca and the class of all sub-
groups of Gy. Moreover, H, < G1 if and only if f(H,) = f[Ha] < Ga.
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Remark 8.3.2. The condition that f is onto in this theorem is really no
restriction because if f : Gy — Gy is not onto, we just replace Gy with f[G1].

Proof: Part of the theorem has already been established in our remarks
preceding the theorem. In particular, we have noted that the mapping &
defined in the statement of the theorem is onto (see ([&); i.e., ® is the
mapping of the family {H,},ca to the family of all subgroups of G given by

@(Ha) = f[Ha]

We also note that each subgroup H is such that K = Ker(f) C H,, for
all & € A. It is also clear that ® is 1-1, for suppose ®(H,) = ®(Hp), then
f[Ha] = f[Hg]. But from the remarks preceding the theorem in particular

equation (BH), we get
Ho = f[f[Ho]] = f7'[f[Hs]] = Hp.

Thus @ is 1-1.
Finally, if H, C G then since f is onto, for arbitrary g, € G5 there exists
a g1 € G1 such that go = f(g1). Thus

92f[Halga ' = f(90) f1HAf(91)" = florHagr '] = fHal,

and so f[H,| C Gy. Conversely, if f[H,] C G, consider , where g; € G;.
Then
florHagr '] = flg1) fIHal f(91) ™" = fHa).

But then ®(g1 Ho97 ') = flg1Hag; ] = f[Ha] = ®(H,) and since ® is 1-1, we
have g1 Hog; ' = H, and so g1 H,g; ' <G1. We note that g1 H,gy ' is actually
also one of the subgroups of 1, which contains K because K is normal in
Gy; for K C H, implies K = g1 Kg;' C g1 Hog7'. O

We apply Theorem B3 Tl to the particular case of the canonical homomor-
phism (see Example [[T2) s of a group G onto a factor group G/N, where
N is, of course, a normal subgroup of G; i.e., K : G — G/N. We claim
Ker(k) = N. Indeed, recall the identity in G/N is N, so that Ker(k) =
{reG|kr)=N}={xeG|zN=N}={re€G|ze N}=N, as
claimed. Thus, by Theorem B3] any subgroup of G/N is of the form x[H]|
where H < G and N C H. However,

k[H] = {hN | h € H} = H/N. (8.9)

We have, therefore established the following result.
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Corollary 8.3.3. Let G be a group and let N <G. Any subgroup of G/N is
of the form H/N where H is a subgroup of G containing N. If Hy and Hy are
two such subgroups of G, then Hy # Hy implies Hi/N # Hy/N. Moreover
H <G if and only if H/IN <G/N.

We continue to assume f : G; — (G5 is a homomorphism of the group G
onto G with kernel K. Let H be a normal subgroup of G that contains K
and let Hy = f[H]. Consider the mappings

Gy L Gy 5 Gy Hy,

where k is the canonical map of G onto G2/ Hs. Note Hy << Go, by Theorem
R332l since H <1 G,.
The composite map
kf: Gy — Gy/H,

is, of course, a homomorphism of G; onto Gy/Hs. Suppose a € G; and
kf(a) = Hs, i.e., suppose a € Ker(kf). Then f(a) € Hy and conversely.
Hence, the Ker(kf) is (by equation (BF)). Applying the FHT (Theorem
[LTR), we have G2/ Hy = 1/ H, where the isomorphism of G/ H onto Gy/ Ho
is given by aH +— kf(a) = f(a)Hy. We summarize this in the following
theorem, frequently called the first isomorphism theorem.

Theorem 8.3.4. (First Isomorphism Theorem) Let f : G — G4 be a homo-
morphism of the group Gy onto the group Go with Ker(f) = K. Let H <G,
such that K C H. Then f[H| < Gs, and

G/H = flGh]/ fH],
by the mapping aH — f(a)f[H].

Again, we consider the special case of a group G and the canonical map
k onto a factor group G/N. If H <G and N C H, then

k[H] = H, = H/N,
by equation (BH). Thus Theorem gives the following result.

Corollary 8.3.5. Let G be a group and let H and N be normal subgroups
of G such that N C H. Then

G/H = (G/N)/(H/N).
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Now assume that H; and H, are subgroups of a group G, and moreover
that Hy << G. Then, in particular, hyHy = Hyh; for all hy € Hy, and so
clearly HiHy = HyH,. This implies by Theorem EE2T], that HiHy < G. As
we will have occasion to use this fact in the future, we state it here as the
following result.

Proposition 8.3.6. If Hi < G, Hy, < G and Hy < G, then H Hy, < G.

(Of course Hy C Hy1H, and since Hy << G, we have Hy < HyHs.) Next
consider the mapping

(b . Hl — HlHQ/HQ

given by ¢(hy) = hiH,, where hy € Hy. This map is a homomorphism of
H, into HiHy/H, (see exercise 1 for this section). We claim tht ¢ is, in
addition, onto HyH,/H,. Indeed, for any coset of Hs in Hy H, is of the form
hihoHy = hyHs, where hy € Hy and hy € Hy. The kernel, Ker(¢), consists of
those hy € Hy such that ¢(hy) = hyHy = Ho, i.e., those elements of H; N Ho
or Ker(¢) = Hy N Hy. Thus applying the FHT (Theorem [LTY) to ¢ yields
the second fundamental isomorphism theorem.

Theorem 8.3.7. (Second Isomorphism Theorem) If Hy and Hy are sub-
groups of a group G and Hy is also normal in G, then Hy N Hy < Hy and

HiH,/H, = H,/H, N Hy.

The isomorphism is given by the mapping hi(Hy N Hy) = hyHy, where hy €
H,.

The second isomorphism theorem can probably best be remembered by
the following mnemonic device:
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HyH,

H1 H2

H,N H,

Label the vertices of the figure as indicated, it being immaterial which side
are writes H; or Hy on. One then reads the isomorphism by reading “mod-
ulo the opposite sides.” Should H; also be normal in GG, then we obtain,
symmetrically, HyHy/H, = Hy/(Hy N Hy), which may be read by reading
“modulo” the other pair of opposite sides of the figure.

There is another fundamental theorem of isomorphism (the third isomor-
phism theorem) due to Zassenhaus, but we postpone a consideration of this
theorem until we reach the section to which it is most relevant.

8.3.1 Exercises

1. Prove that if H; < G, Hy < G, G a group, with Hy <t G then the map
¢ given by ¢(hy) = HyHs, for hy € Hy is a homomorphism from H;
into HlHQ/HQ.

2. If N <G, G a finite group, and if [G : N] and |N| are relatively prime,
then show that N contains every subgroup of G whose order is a divisor

of |N|.

(HINT: Let H < G such that |H|||N|. Let h € H and consider o(h) and
o(gN), for gN an element of G/N. Use this to prove h € N.)
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3. Let G be a group, H a subgroup of G, let C be a class of conjugate
elements, and let h € H be fixed. Prove: |HaNC| = |HahNC|.

(HINT: Define a map and prove it is 1-1 and onto.)
4. Let Hy < G, Hy, < G, G a group, such that Hy <1 Hy; also let H be

any subgroup of G. Let H3y = Hy N H and Hy = H; N H. Prove the
following statements.

(a) H; < Hy.
(b) Hy/Hj; is isomorphic to a subgroup of Hy/Hs.  (HINT: Use the

second isomorphism theorem “appropriately”.



Chapter 9

Direct Products

In this chapter, we shall consider a process of constructing a new group from
a finite number of given groups. Actually, the process (the external direct
product) can be extended to the case where an infinite number of groups
are given, but we shall not go into these matters here. At the same time,
we shall consider the intimately related situation of decomposing a given
group in a certain fashion (the internal direct product) into a product (with
the usual meaning) of a finite number of subgroups. We shall investigate
the relationship between this situation (internal direct product) and the first
(external direct product) of our considerations. We shall see that up to an
isomorphism the two concepts of direct product are indistinguishable. In the
second section, we shall consider applications of this construction.

9.1 External and internal direct product

We proceed now to a precise consideration of the matters described above.

Definition 9.1.1. Let Gy, Gs, ..., G, be a finite collection of groups. We
form the set G = G| x Gy X ... X G,,, the cartesian product of the sets Gy,
Gs, ..., G,. Thus G consists of all n-tuples of the form (ay, as, ..., ay), where
a; € G;, i =1,2,...,n. We introduce an operation which will make G into a
group; viz, for any two n-tuple of G, we define

(al, ag, ..., an)(bl, bz, ceey bn) = (albl, agbg, ey anbn)

The group G so constructed is called the (external) direct product of the
given groups. We denote this by G1 X Gy X ... x G,, (external).

101
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It is understood that each product a;b; is performed with the operation
of G;. Tt is now a straight-forward matter to show that, for this operation,
the associative law is satisfied. Also the element (e, e, ..., €,), where ¢; is
the identity element of G;, functions as the identity element of G. Finally,
the inverse of the element (ay, as, ..., a,) is the element (a;', ax17, ..., a,171)
Hence G is a group with respect to the given operation. It is also clear that
the following is true.

Proposition 9.1.2. Let G =G X Gy X ... X G,,.
(a) If each G; is finite and |G;| = r;, then

Gl =]]r
i=1

(b) If each G; is abelian, then G is abelian.

Now we consider the following situation; which will subsequently be
shown to be related.

Definition 9.1.3. Let G be a given group and let Gy, Gs, ..., G, be normal
subgroups of G such that
G = G1Gy..G,

(usual product of sets in a group) and G; N G1..G;_1Gi1..G,, = {e}, for
every i = 1,2, ...,n. In this situation, we say that G is decomposed into the
(internal) direct product of the subgroups Gi,Gs, ...,G,, and we shall
write G = Gy X Gy X ... X Gy, (internal).

For the time being, we shall write in parenthesis after an expression of
the form G; x G5 x ... X G, either “external” or “internal” to distinguish
which of the two situations defined above actually prevails. After we have
seen the inter-connection between these two concepts, it will be clear that
we can drop this accompanying label without fear of confusion.

Our first theorem related to direct products is concerned with the lat-

ter situation, i.e., where G is the internal direct product of its subgroups,
G1,Go, ..., G,. We have

Theorem 9.1.4. G = G X Gy X ... X G,, (internal) if and only if

(1) a;a; = aja; for any a; € G; and any a; € G; where i # j, and

(2) Every element of G can be written uniquely in the form ajas...a, where
a; € Gz
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Proof: Suppose first that G = G1 x Gy X...xG,, (internal), and let a; € G;
and a; € G; where i # j. Then the commutator [a;, a;] = a;a;a; 'a;' € G;
since a;a;a; ' € G; (since G; < G), and a; € G;. However, a;' € G; and
aja;a;" € Gy (since G; <9 G). Therefore [a;,a;] € G;, but G; N G; = {e}
(WHY?). Hence

lai, a;] = a;a;0; " a ' = e,

which implies that a;a; = aja; and proves part (1). Next since G = G1Gs...G,,
any a € G can be written in the form a = ajas...a, where a; € G;. If also
a = blbgbn where bl € Gi7 then

a = aias...a, = b1bs...b,

and using the commutativity of elements in different G;’s, we get

biajl = bflal...b;_llai,lb;rllaiﬂ...b;lan.
This in turn implies, since G is the internal direct product of the G;, that
bia; ' = e, or that b; = a;. But this can be done for every i = 1,2, ...,n. This
establishes part (2).

Conversely suppose that (1) and (2) hold. We claim each G; <G. Indeed,

for if g; € G; and a = a;as...a,, a; € G; is an arbitrary element of G, then

agicf1 = alag...angiagl...a;afl = aigialfl
since, by (1), a; commutes with g; for all j > 7 and a; commutes with g; for
all j < 4. From (2), we have that G = G1G5...G,,. Finally we note that a
typical element of G1...G;_1G;11...G,, is of the form aya5...a;_1a;11...a,, where
a; € G;. Suppose such an element is also in G; and, hence, is equal to some
a; € Gy:
a; = a102...Q4;—1Qj41...-Ap,

or
€...€aq€...c = a410a2...4;1€A;11...0p,

where e is the identity of G. By the uniqueness part of (2), we now have
a; = e, S0

Gi N Gl---G/L'fleiJrl...Gn = {6}

We now proceed to establish two theorems which will show that, in the future,
we need not distinguish between internal and external direct products.
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Theorem 9.1.5. Let G = G X Gy X ... X G,, (internal) and let G; = H;,
i=1,2,...,m. Form H= H; x Hy X ... Xx H,, (external); then G = H.

Proof: Let f;H; — G; be an isomorphism of H; onto GG;. We now define
a mapping
f+H—G,
by
f(ar, a2, ...;an)) = fi(a1) f2(az)... fulan).

We claim that f is an isomorphism of H onto G.

First we observe that f is onto G: For any element ¢ in G, we know is of
the form g = b1b,...b,, where b; € GG;. Therefore, since each f; is onto, there
exist a; € G; so that b; = f(a;), and so

g =biby..b, = f(ay) f(az)...f(an) = f(a1,az, ...,a,),

where (ay, as, ...,a,) € H. (We note that here we have dropped the double
parentheses around the n-tuple.) Thus f is onto G.

Second, we note that f is a homomorphism, i.e., f preserves the group
operation. For

f((al, a9,y ..., an)(bl, bg, cees bn)) = f((albl, agbg, ceey anbn)) = f(albl)f(agbg)...f(anbn).

Since each f; is a homomorphism, this is

= f(a1) f(b1) f(a2) f(b2)...f (an) f (bn) = (f(ar) f(az)...f (an))(f (b1) f (b2)...f (bn)),

since elements from different factors of an internal direct product commute
from Theorem (1). Finally, we have from the definition of f that the
above is equal to

f(al, ag, ..., Cl,n)f(bl, bg, cees bn)

Lastly, to prove our claim, we must show that f is 1-1. To see this,
suppose that f(ay,as,...,a,) = e, i.e., (ay,as,...a,) € Ker(f). Then ee...e =
fi(ay) fa(az)...fu(ay), which by the uniqueness of representation, Theorem
[OTH implies that f;(a;) = e, for all i, 1 < i < n. Since each f; is 1-1,
Theorem implies that a; = e; for all ¢, 1 < ¢ < n, where e; is the
identity of H;. Therefore (ay,as, ..., a,) = (€1, e, ..., €,) is the identity of H,
i.e., Ker(f) is trivial. Thus Theorem [[ T8 implies that f is 1-1, which proves
our claim (that f is an isomorphism). O

We note, in particular, taking H; = G;, i = 1,2,...,n, in Theorem
that if G = G4 X Gy X ... X G,, (internal), then forming H = G; X Gy X ... X G,,
(external) gives a group isomorphic to G.
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Theorem 9.1.6. Let G = G x Gy X ... X Gy, (external); also let H; =
{(e1, i1, Qi €11,y €n) | a; € G}, fori =1,2,...,n. Then the H; < G
and G = Hy x Hy X ... x H, (internal), and H; = G;, i =1,2,...,n.

Proof: Clearly each H; < G (Why?) and the mapping G; — H; given by
a; — (€1, ..., €-1,04, €11, ..., €,) is also clearly an isomorphism of G; onto
H;. Moreover,

(bl, bg, ceey bn)<€1, ey €1, A5, €401 41 ey €n)(bfl, b;l, ey bT_Ll)

-1
= (617---a6i—1>biaibz‘ >€i+1>~-,€n)

which shows H; <t G. Now let (aq,as, ...,a,) be an arbitrary element of G,
we can write this in the form

(a1, ag, ..., a,) = ayay...al,,
where a} = (eq,...,€;-1,a;, €41, ...,€,) € H;. Hence G = H1H,...H,,. Finally
any element of Hy...H; 1H; 1...H, is of the form (ay, ..., a;_1, €;, ai11, ..., an),
where a; € H;. Thus it follows immediately that

HiN (Hl---Hi—lHi+1---Hn) = {6},

i=1,...,n, where e = (ey, ..., €,) is the identity of G. The result now follows
from the definition of the internal direct product. []

From now on, we drop writing in parentheses after an expression G X
Gy X ... X (G, either “external” or “internal”. It should be clear from the
context what is meant.

9.1.1 Exercises

1. Verify that the “componentwise” multiplication given in Definition
[T is actually a binary operation on G; X Gy X ... X G,, (external).
Also verify that this binary operation is associative.

2. Prove Proposition T2
3. Verify the first two statements in the proof of Theorem @.TH i.e.,

(1) H; <G,

(2) the map a; — (eq,...,€;_1,a;, €41, ..., €,) is an isomorphism of G;
onto H;.
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4. Let Hi < G, Hy <« G be such that the canonical homomorphism G —
G /H, when restricted to H; gives an isomorphism of H; onto G/Hs.
Then prove G = H; x Hj (internal).

5. Let G be an abelian group and H < G such that G/H is an infinite
cyclic group. Then prove that G = H x G/H. (HINT: Use exercise 4
above.)

9.2 Applications and further properties

We wish to show, for our first application, that a cyclic group of order n can
be written as a direct product of cyclic groups of prime power order.

Theorem 9.2.1. If G is a cyclic group of order n = Hle P, where the p;
are distinct primes and «; > 1 are integers, then G is a direct product of
cyclic groups of orders p;*, i =1,2,.. k.

Proof: We designate by G; the unique cyclic subgroup of order p}* of
G (see Theorem B2l and let H = G1G,...G. H is, of course a subgroup,
since the G; commute, because G is cyclic (and thus, of course, abelian). Also
G; C H for every i = 1,2, ..., k; therefore pf| |H|, for every i = 1,2, ..., k.
Thus n = lem(p;") (see Theorem [LZTTl generalized from 2 factors to k
factors) and so n||H|. Since H < G, |H||G| = n and so n = |H|. This
proves G = H = G1G5...Gy.

Next, we designate by H; the cyclic subgroup of G of order n;, = n/p;",
1=1,2,....,k, and let W; = H; N G;. Then W; < H; and also W; < ;. Thus
|[Wi| |n; and W;|pl, but ged(ng, pi') =1, so |W;| = 1. Hence W; = H;NG; =
{e}. However, p||H;| for all j # i. Thus G; C H; for j # i since H,,
being cyclic, contains a subgroup of order p?j and that subgroup must be
G < H; < G by uniqueness (see Theorem B27T)), so G1...G;—1Gi41...Gy, C H;

and therefore

(G1~~Gi—1Gi+1~~Gk) N Gz = {6},

foralli=1,2,....k. O
We next prove an important property of direct products.

Theorem 9.2.2. ]fG = G1 X Gz, then G2 = G/G1 and G1 = G/GQ

Proof: The theorem is an immediate consequence of the second isomor-
phism theorem (Theorem B3). Namely, we have
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G:G1XG2:G1G2

G1 G2

G1 ﬂGQ == {6}

and since (G; and G5 are both normal in G, Theorem gives G/Gp =
Go/{e} = Gy and G/Gy = G. O

We have already seen one instance (Theorem BIH) in which a normal
subgroup N; of a normal subgroup N, of a group G is normal in G, i.e.,
N1 <Ny, No<1GG, and N1 <1G. The following theorem gives another important
case in which this true.

Theorem 9.2.3. If H is a direct factor of the group G (i.e., G = H X N,
for some N < G), then every normal subgroup of H is normal in G.

Proof: Let W <« H. Now by hypothesis, G = H x N. Thus if ¢ is an
arbitrary element of G, then we can write g in the form g = hn, where h € H
and n € N. Now

gWgt=(hm)Wn'ht =hWh™ ! =W,

where we have used the fact that elements of H and N commute (see Theorem
[OT7). Since g was an arbitrary element of G, we see indeed that W < G. O
We continue with another application of direct products to cyclic groups.

Theorem 9.2.4. Let C,, and C,, be cyclic groups of orders m and n, respec-
twely. G = C,, x C, is cyclic if and only if ged(m,n) = 1.
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Proof: Suppose ged(m,n) > 1. We shall show that G is not cyclic. Let
p be a prime such that p| | ged(m,n), so p|m and p|n. Thus C,, has a cyclic
subgroup of order p and C), has also a cyclic subgroup of order p (see Theorem
BEZT), but C,,,NC,, = {e}. Consequently, G has at least two cyclic subgroups
of order p. This implies, by Theorem B2, that G is not cyclic.

Next suppose that ged(m,n) =1 and let C,, = (a) and C,, = (b). Then
ab € G = C,, x C,, and o(ab) = mn, for if we let t = o(ab), then

so t|mn. Since
e = (ab)mt — amtbmt — bmt,

so n|mt. But ged(m,n) = 1, so n|t. Similarly, we can show that m|t and,
again, since ged(m,n) = 1, we must have lem(m,n) = mnl|t. Thus mn =
t = o(ab). However, |G| = mn so G = (ab). O

As our last application, we prove that the Euler ¢-function is multiplica-
tive, i.e., if ged(m,n) = 1, then ¢(mn) = ¢(m)p(n). Suppose C,, is a cyclic
group of order m, and C,, is a cyclic group of order n, where ged(m,n) = 1.
Then C,, x C,, = Cyy, is a cyclic group of order mn by Theorem .24 We
know from our discussion of cyclic groups in Chapter B (in particular see
Corollary B22Z3) that C,, has ¢(m) generators and that C,, has ¢(n) gen-
erators. While C,,, has ¢(mn) generators. However, it is easy to see (see
exercise 2 for this section) that every generator of C,,, must be of the form
(a,b) where a is a generator of C,, and b is a generator of C,,. Thus we have
proven the following result.

Theorem 9.2.5. If m,n € N and gcd(m,n) = 1, then ¢(mn) = ¢(m)p(n).
In other words, ¢ 1s multiplicative.

9.2.1 Exercises

1. In the proof of Theorem BZ7], we showed n|t. Show m|t (where these
letters have the meaning given there).

2. Let C,, be a cyclic group of order m and C), be a cyclic group of order
n where ged(m,n) = 1. Prove that the generators of C,,,, = C,, x C,
are precisely all elements of the form (a,b), where a is a generator of
Cy, and b is a generator of C,,. (HINT: Theorem [CZTT1)
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3. Let G be a finite abelian group of order n = Hle p;*, where the p; are
distinct primes. Prove that G = G| X G5 X ... X G}, where Gj is the
subgroup of G consisting of all elements whose order divides .

HINT: Mimic the proof of Theorem [ZZ1l.
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Chapter 10

The Sylow Theorems

We have already observed (see statements after the proof of Theorem 6.2;
also see Exercise 4 for Section B.2) that the converse of Lagrange’s theorem
is false, i.e., if G is a finite group of order n and if d|n, then G need not
contain a subgroup of order d. If d is a prime p or a power of a prime p°,
however, then we shall see that G must contain subgroups of that order. In
particular, we shall see that if p? is the highest power of p that divides n,
than all subgroups of that order are actually conjugate, and we shall finally
get a formula concerning the number of such subgroups. These theorems
constitute the Sylow Theorems which, along with a few applications, will be
the matter of concern of this chapter.

10.1 Existence of Sylow subgroups; the first
Sylow Theorem

Definition 10.1.1. Let G be a finite group with |G| = n and let p be a prime
such that p®In but no higher power of p divides n. A subgroup of G of order
p® 1s called a p-Sylow subgroup.

It is not at all obvious that a p-Sylow subgroup exists. It is our main
concern in this section to show that for each p|n that a p-Sylow subgroup
exists. Note that P is a p-Sylow subgroup of G if and only if G = p"n where
p fnand |P|=p".

We first consider and prove a very special case of the end result we wish
to obtain.

111
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Theorem 10.1.2. Let G be a finite abelian group and let p be a prime such
that p| | |G|. Then G contains at least one element of order p.

Proof: The proof will proceed by induction on |G|. If |G| = p, a prime,
then the theorem is clearly true. Thus suppose |G| = n, where n is composite
and also suppose that the theorem has been proven for all groups whose order
< m. Suppose p is a prime such that pjn. We need to show that G has an
element of order p. We claim G contains a subgroup not equal to {e} or to
G itself. This is clear if G is cyclic (see Theorem B2ZT]). If G is not cyclic,
let a € G, a # e, the identity element of G. Then (a) is a proper subgroup
of G. (Why?) Let H be a proper subgroup of G of maximal order. If p| |H],
then since |H| < |G|, we have by the induction hypothesis that there exists
an h € H such that o(h) = p, but clearly h € G, also. This proves our
claim when p| |H|. If, however, p f|H|, then since H is a proper subgroup of
G, there exists an element a € G — H. Let K be the cyclic subgroup of GG
generated by a, i.e., K = (a). Now the product HK is a subgroup of G (by
Theorem EL2]T]) since G is abelian. Also, H C HK properly, i.e., H # HK,
because a € HK but a € H. However, H was a maximal proper subgroup.
Thus it must be that HK = G. Then, by Theorem E3.6,

_ HIIK] _ [H]-o(a)

Gl = |[HNK| d

where d = |H N (a). Thus
d|G| = [H] - o(a),

and since p| |G|, we must have that p| |H|o(a). However, we have assumed
p /|H, thus by the Corollary [LZT0 we have plo(a). Let o(a) = m. Then
m = pk, where k € N, and consider the element a*. By Theorem B2,

m

ky
ola”) = ged(m, k)

=m/k = p.
O

Thus if G is an abelian group and if p|n, then G contains a subgroup of
order p; viz., the cyclic subgroup of order p generated by an element a € GG
of order p whose existence is guaranteed by Theorem [(ILT.2

We now proceed to the main result of this section, i.e., the first Sylow
Theorem.
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Theorem 10.1.3. (Sylow I) Let G be a finite group and let p € G, then G
contains a p-Sylow subgroup (i.e., a p-Sylow subgroup ezists).

Proof: As in the preceding theorem, the proof will be given by induction
on |G|. The theorem is clearly true if |G| = 2. Now let |G| = n = p"n/,
where p fn’. By hypothesis, a > 0. We next decompose G into conjugacy
classes according to the discussion at the beginning of Section Bl and use
the class equation, i.e., equation (£J), to obtain

G=Z(G)UCl(a;) UCl(az) U...UCl(a;) (disjoint) (10.1)

where Cl(a;) designates a conjugacy class. Since the union is disjoint, we
can write

where k; = |Cl(a;)|. By Theorem B34, k; = [G : CG(a;)] = n/n;, where
n; = CG(a;). We return now to equation (L) and recall that the conjugacy
classes, Cl(a;), listed (if there are any) are nontrivial, i.e., each k; > 1. Let us
suppose that some k; is such that p [k, i.e., gcd(kj,p) = 1. Since njk; = n,
we must have n; < n. Moreover, p®|n; since p fk;. It follows by the induction
hypothesis that the subgroup C'G(a;) contains a p-Sylow subgroup and that
therefore G contains a p-Sylow subgroup. Thus, in this case, the theorem
has been established.
We may, thus, assume that for each j, j =1,2,...,¢, p|k;. Thus

p'n' = |Z(G)| + pr,

whence p| |Z(G)]. Since Z(G) is an abelian group, we have by the preceding
theorem that Z(G), and therefore, G has an element, a, of order p. Now
(a) < G since a € Z(G) and |(a)| = p. Hence |G/(a)| = p*~'n/, and so
by the induction hypothesis G/{a) must contain a p-Sylow subgroup of order
p?~1. This p-Sylow subgroup must be of the form P/{a), where P < G which
contains (a) by the Corollary K33 Now

|P]=1P{a)| - [{a)|p"~" - p=p",

and so P is a p-Sylow subgroup of G. [J
On the basis of this theorem, we can now strengthen the result obtained
in Theorem
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Theorem 10.1.4. (Cauchy) If G is a finite group and if p is a prime such
that p| |G|, then G contains at least one element of order p.

Proof: Let P be a p-Sylow subgroup of G, and let P =p®. If e #a € P,
then o(a)| | P| implies o(a) = p’, where 0 < b < a. But then the cyclic group,
{a), must have a (unique) subgroup of order p, say (a'), by Theorem BTl
Thus o' € G and o(at) = p. O

10.1.1 Exercises

1. Let G be a finite group and let p| |G|. Suppose P is a p-Sylow subgroup
of G. Prove that any conjugate of P, gPg~1, is also a p-Sylow subgroup
of G.

2. Let G be a finite group and N <G such that |N| is a power of a prime
p. Prove that N is contained in every p-Sylow subgroup of G.  (HINT:
Use Theorems[f.3.0 and Proposition [823.0.)

3. Let G be a finite group and P be a p-Sylow subgroup of G. Prove that
if x € Ng(P) and o(z) is a power of p, then x € P. (HINT: Same as
for exercise 2.)

4. Let G be a finite group and P be a p-Sylow subgroup of G. Prove that
P is the only p-Sylow subgroup of G contained in Ng(P). (HINT:
Use exercise 3.)

10.2 The second and third Sylow Theorems

We have seen that p-Sylow subgroup’s exist. We now wish to show that
any two p-Sylow subgroup’s are conjugate. This is the content of the second
Sylow Theorem.

Theorem 10.2.1. (Sylow II) Let G be a finite group and p a prime such
that p| |G|. Then all p-Sylow subgroup’s of G are conjugate. In other words,
if P1 and Py are any two p-Sylow subgroups of G then there exists an a € G
such that P, = aPya™"'.
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Proof: Let P, and P, be two p-Sylow subgroup’s of G, where |P;| =
|P,| = p®. We now decompose G into double cosets with respect to P; and

Py (see Section B2). Thus
G = P1a1P2 U Plang U..u PlatPg (dlSJOlHt)
and from equation ()

t
| Pr[| 2|
6l = >
j=t 7

where d; = |P, Na;' Pia;|. Hence if |G| = pn/, where p fn”, we have

a s PP" pp”
pn = a4 + ...+ d,
or a a
;P p
=—4 ..+ —. 10.2
n a + ...+ ) (10.2)

Now P, N a]-’lPlaj < P, therefore d;|p®, so d; = p°, where 0 < b < a. Thus
each term on the right hand side of ([[{LZ) is either 1 or a power of p. Since
p fn', it follows that at least one term on the right hand side of (L2) must
equal 1, say the k™ term. This means dy = p® so |P N a,'Piag| = p2
Whence P, = P, N a;lplak C a,;lplak. Since both P, and a,;lplak have
the same (finite) order and since one is contained in the other, they must
be equal: P, = a,;lPlak. Hence the two p-Sylow subgroup’s P, and P, are
conjugate. []

We come now to the last of the three Sylow theorems. This one gives
us information concerning the number of p-Sylow subgroup’s. Let n,(G)
designate the number of p-Sylow subgroup’s of G

Theorem 10.2.2. (Sylow III) Let G be a finite group and p a prime such
that p| |G|. We have
n,(G) = 1(mod p),

i.e., ny(G) is of the form 14 pv where v € Z. (We may write n, instead of
n,(G) if it is clear which group G we are working in.)

Proof: Let P be a p-Sylow subgroup of G. Then by the second Sylow
Theorem (Theorem MIZ2T]) and by Theorem GTT],

1, (@) = G : No(P)] = 19
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where n = |Ng(P)|. (From now on we drop the subscript G and just write
N(P) and also just write n,.) Now P C N(P) and P < N(P); |P||n, i.e.,
p®|n, where p* = |P|, so

n=7p*n’,  where ged(n,p) =1,

since P is a p-Sylow subgroup of G and N(P) < G. We now decompose G
into double cosets with respect to P and N(P). Thus

G = PayN(P)U PayN(P)U...U Pa;N(P), (disjoint),

and using the numerical relation (86 yields

a

n n
eI L iy
dy dy

(10.3)

where d; = |[N(P) N aj_lPaj|. Now the identity, e, of G' belongs to some
double coset, and we may assume that, say a; = e. In this case, we have

Pa;N(P) = PeN(P) = PN(P) = N(P),

hence, the first term on the right hand side of (L3) becomes & d— =n. Now
cancelling n on both sides of ([ILJ) and recalling that |G| = n[G : N(P)] =
n-ny,, gives
p° p°
=14+ = — 10.4
to Tt (10.4)
Next we observe that N(P) N a_lPaj C aj 'Pa; and since |aj_1Paj| = p?,

we must have % = p%, where 0 < b; < a and j =2,...,t. If we can show

that each such b >0, (2 <j <t), then it will follow from ([[@4) that n, is
indeed, of the form 1 + pv. Hence suppose on the contrary that for some j,
say j = s (2 < s <t), that p* = ds. But

N(P)Na;'Pa, C a;'Pa,
and
IN(P)Nag ' Pay| = dy = p",

so N(P)Na;'Pa, = a;'Pa,. But also N(P)Na;!Pas, C N(P). Thus both
P and a_!Pa, are p-Sylow subgroup’s of N(P). Hence by the second Sylow
Theorem (Theorem MILZT], with N(P) now playing the role of G in that
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theorem), they must be conjugate in N(P). But P << N(P), so we must have
that a; ! Pa, = P. This means a; € N(P), which implies that

Pa,N(P) = PN(P) = N(P),

which contradicts the disjointness of the decomposition. Hence for j = 2, ..., ¢
every b; > 0 and this as already observed, completes the proof. [

The third Sylow Theorem tells us that n,(G), the number of p-Sylow
subgroup’s, is of the form 1+ pv. However, we know as was used in the proof
that n,(G) = [G : Ng(P)] from Theorem BTl Thus n,(G)||G|. This proves
the following fact.

Corollary 10.2.3. Same hypothesis as in Theorem[LZA Then n,(G)||G|.

As pointed out above this is really a corollary of the proof of the third
Sylow Theorem. The two facts that n,(G) = 1(modp) and n,(G)| |G| are
extremely useful. A few of their applications will be seen in the examples of
the next section.

For the final theorems of this section, we turn our attention to prime
power groups.

Theorem 10.2.4. Let G be a group of order p™. Then G contains at least
one normal subgroup of order p™, for each m such that 0 < m < n.

Proof: The theorem is trivial for n = 1. We claim it is also true for
n = 2. Indeed, by Theorem B34, any group of order p? is abelian. This
together with Theorem establishes the claim.

We proceed now by induction on n. Thus we assume the theorem is true
for all groups G of order p* where 1 < k < n, where n > 2. Let G be a group
of order p™. Also let N be a normal subgroup of order p. N exists since Z(G)
is non-trivial (by Theorem EE3H) and is, of course, abelian. Thus again by
Theorem [T Z(G) contains an element, say z, of order p. We can take
N = (z) and so N is a normal subgroup of G of order p, since every subgroup
of the center is normal in G (WHY?). But then G/N is of order p"~!, and
therefore, contains (by the induction hypothesis) normal subgroups of orders
p™ 1t for 0 < m —1 < n— 1. These groups are of the form H/N, where
H <1 G contains N (see the Corollary B33) and is of order p™, 1 < m < n,
because |H| = |N|[H : N] = |N|-|N/H|. O

We next introduce the concept of a p-group which generalizes the idea of
groups of prime power order.
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Definition 10.2.5. A p-group G (where p is any prime) is a group in which
the order of every element is some power of p.

We observe that a p-group does not even have to be finite. But in the
finite case, we have the following result.

Theorem 10.2.6. G is a finite p-group if and only if |G| = p™ for some
n € N.

Proof: We leave the “if” part as an exercise, i.e., if |G| = p", then G is
a p-group. (See exercise 1 for this section.) Conversely, suppose that G is a
finite p-group. We would like to show that |G| = p™. If there were a prime
q # p such that ¢| |G|, then by Cauchy’s Theorem (Theorem [LTA) G would
contain at least one element of order ¢. This contradicts the fact that every
element of G has order a power of p, i.e., that G is a p-group. Thus |G| = p".
O

10.2.1 Exercises

1. Prove that if |G| = p", for some n € N, and p a prime, then G is a
p-group.

2. Let G be a finite group. Prove that any H < G such that H is a p-group
(Note from Theorem [L2ZA H is a prime power group, i.e., |H| = p™.)
is contained in at least one p-Sylow subgroup (p-Sylow subgroup are
maximal p-subgroups in this sense).

(HINT: Use a double coset decomposition similar to the arguments used in
the proofs of the second and third Sylow Theorems, but this time decompose
G with respect to H and a p-Sylow subgroup.)

3. Let G be a finite group.

(a) Show that every subgroup H of G which contains the normalizer of
a p-Sylow subgroup is its own normalizer.

(HINT: Suppose Ng(P) C H, where P is a p-Sylow subgroup. Now P is a
p-Sylow subgroup of H (Why?). Let x € N(H). We need to show x € H
to be finished (Why?). Note first that xPz~" is also in p-Sylow subgroup of
H (Why?). Now use the second Sylow Theorem applied to the above Sylow
subgroups of H. From this and the fact that Ng(P) C H establish the desired
result. )
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(b) Use (a) to show that if P is a p-Sylow subgroup then N(N(P)) =
N(P).

4. Show that if a group has 1 4+ p Sylow subgroups of order p®, then any
2 of these subgroups have just p®~! elements in common.

(HINT: Suppose P; and Py are any 2 p-Sylow subgroup’s. Use an argument
with double cosets decomposing the group G into double cosets with respect to
Py and Ng(P,) like the arqgument given for the third Sylow Theorem [IILZZ.
Finally, use the second Sylow theorem [IILZ1)

5. Show that if a group G has 1+ p Sylow subgroups of order p®, then GG
contains p®*! elements whose orders are divisors of p®.

(HINT: Use the result of exercise 4 above. Also you may assume that any
two of the p-Sylow subgroup’s of G intersect in the same subgroup of G.)

10.3 Applications

On the basis of the first Sylow Theorem, Theorem I T3, and Theorem
M2, we see that if G is a finite group and if p*| |G|, then G must contain
a subgroup of order p*. One can actually show that, as in the case of Sylow
p-groups, the number of such subgroups is of the form 1 + pt, but we shall
not prove this here.

We shall now consider a number of applications of the Sylow Theorems.

Example 10.3.1. There is no simple group of order 84. Write 84 = 2%2.3.7.
If the 7-Sylow subgroup is not normal, then it has 1 4+ 7v conjugates where
v>1and (1+7v)|22-3-7. Clearly 1+ Tv # Tn, so the only possibilities are

14+ 7v=2,2%3,2-3,22.3,

all of which are clearly impossible (none of these are = 1(mod 7)). Hence
the 7-Sylow subgroup is normal and therefore, any group of order 84 is not
simple.

Example 10.3.2. There is no simple group of order 12. Write 12 = 223. If
the 3-Sylow subgroup, which is a cyclic group of order 3, Cs, is not normal,
it has 1 4+ 3v conjugates where v > 1 and (1 + 3v)|12. Clearly the only
possibility is v = 1, in which case C3 has 4 conjugates. These groups have
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only the identity in common, and this accounts for 4 - (3 — 1) = 8 nontrivial
elements of G. This leaves then 4 elements of G, which must constitute a
2-Sylow subgroup of order 4, which of course only has the identity in common
with any 3-Sylow subgroup. Thus this 2-Sylow subgroup must be normal since
it can have no distinct conjugate. If the reader goes back to the table for A4
gien in Section [0, it will be seen that exactly this situation prevails.

Example 10.3.3. There is only one group of order 15 (up to isomorphism)
the cyclic group. Let |G| = 15. It is clear that both the 5-Sylow subgroup,
Cs, and the 3-Sylow subgroup, Cs3, are normal (Why?). Since Cs is cyclic of
order 5 and C3 is cyclic of order 3, C3N Cs = {e} and G = C5C}y since by
Theorem [1.3.8, |C5Cs| = 15. Hence G = C3 x C5 = Cy5, a cyclic group of
order 15 by Theorem [9.2.4

Further applications along these lines are given in the exercises for this
section. Deeper structural applications of the Sylow Theorems can be found
in the more advanced literature on group theory (see for example [Sd]).

Theorem 10.3.4. Any finite abelian group G is a direct product of its Sylow
subgroups.

Proof: Let |G| = [[._, pi*, where the p; are distinct primes and a; € N.
Let P; be the p;-Sylow subgroup. P; is unique by Theorem [[I.2T] (the second
Sylow Theorem) and by the fact that G is abelian. Of course each P; <G and
|Pi| = pi*. Since P, C P P...P, (i = 1,2,...,n), we have that |P, P,...P,| is
divisible by p;", and therefore G = P;...P,. Repeated application of Theorem
I8 shows | P Py| = pi'ps?, |PLPyPs| = pi'psps?, ete. from which it forms
immediately that

Pi N Pl---F)i—IPz‘—l—l---Pn = {6},

since the groups being intersected have coprime orders. [

Thus any finite abelian group is a direct product of its p-Sylow subgroup’s.
There are other finite groups, other than abelian groups, which are the direct
products of their Sylow subgroups; such finite groups are called nilpotent.
The notion of a nilpotent group can be extended to infinite groups by a
consideration of various sequences of subgroups in such a way that for finite
groups the notion reduces to the above characterization. However, we shall
not go into these matters here.

Suppose finally that G is a finite group and that G is the direct product
of its Sylow subgroups, say |G| = [[._,p{", and G = P, X P, x ... X P,,
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where P, is the p;-Sylow subgroup of G. Let d| |G|, then d =[]}, p?i, where
0<b <a;and1 <i<n(WHY?). Since P, is a p;-group of order p;", it must
contain a normal subgroup N; of order pi.’i by Theorem [[TLZA4 for every such b;.
Moreover, every such N; must actually be normal in G by Theorem @23 Let
N = NiNs...N,,. Then N is a subgroup of G since each N; <G (by repeated
application of Proposition B3H). Also N;N(Ny...N;_1N;41...N,,) = {e} since
P,N(P...Pi_1Pii1...P,) = {e}. (WHY is this true for the P’s?) and every
N; C P,. Thus
N = N; x Ny x ... x N,

and |[N| = J[,p" = d. Therefore we have proven that G possesses a
subgroup of order d where d was any positive divisor of |G|. As a matter of
fact, N is even a normal subgroup of G (WHY?). Specializing to the case of
an abelian group, which we know by Theorem [[[L34l is a direct product of
its Sylow subgroups, we obtain the converse of Lagrange’s Theorem for such
groups.

Theorem 10.3.5. If G is a finite abelian group of order n, then for each
dn, G has a subgroup of order d.

10.3.1 Exercises
1. Prove that there is no simple group of order 204.

2. Prove that there is no simple group of order 18.

3. Let G be a finite group such that |G| = pq, where p and ¢ are distinct
primes such that p f(¢—1) and ¢ f(p—1). Then prove that G is cyclic.
small (HINT: Mimic the proof given in the text that any group of order
15 is cyclic.)

4. Find all the 3- and 2-Sylow subgroup’s for Ay.

(HINT: The table for Ay given in Section [E may be helpful. Also recall
something about Vy in Ay.)

5. In the text, it was shown that if G is a finite abelian group of order n,
then for each d > 0 such that d|n, G has a subgroup of order d. Does
this imply that G has an element of order d? WHY or WHY NOT?

(HINT ZQ X ZQ X ZQ}
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Chapter 11

Solvable Groups and the
Jordan-Holder Theorem

We have previously defined the notion of a solvable group in Section
(Definition BTd). This was done in terms of a sequence of subgroups of the
group G, viz., the commutator subgroups. In this chapter, we shall give an
alternate characterization of solvable groups again in terms of sequences of
subgroups. We shall be concerned, in particular, with two types of sequences
of subgroups: a normal series and a composition series, and the notion of
when two such sequences are equivalent, which will lead to the Jordan-Holder
Theorem. These notions will all be made precise in this chapter. We recall as
was observed in the introduction to Chapter [ that the concept of a solvable
group is intimately related to the solvability of a polynomial equation by
radicals.

11.1 The third isomorphism theorem

In Section B33, we considered (Theorems and B37) the first and second
isomorphism theorems. We come now to what is frequently called the third
isomorphism theorem, the proof of which is due to Zassenhaus.

Theorem 11.1.1. (Third Isomorphism Theorem) Let G be a group with
subgroups G, Gy, Hy, and Hy. Let Hy < Gy and Hy < Gy. Then (G1 N
HQ)Hl < (G1 N GQ)Hl and (G2 N Hl)HQ < (Gl N GQ)HQ. MO?“@O’U@T,

(G1NG9)H 1 /(Gy N Hy)Hy = (G NGy)Hy /(Go N Hy) H.

123
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Proof: We first note that G; NGy, G; N Hy, and H; are all subgroups of
(1. Also by hypothesis, H; << G;. Thus by Proposition RT3, (G; N Gy)H,y
and (G1 N Hy)H; are subgroups of G;. We next claim that

(Gl N Hg)Hl < (G1 N Gg)Hl.

To see this let a € G1NGy, b € GiNH,, and ¢,d € H,. Then aba™! € G1NHo,
since a,b € G;. But now aba~! € G; and b € Hy and a € G5, which implies
that aba=! € H, since Hy <1 Gy. Also aca™ € Hy, since a € G4, ¢ € H;, and
H, < G4. Since a typical element of (G7 N Hy)H; is of the form be, where
be Gy N Hy and ¢ € Hy, we therefore get that

a(GyN Hy)Hya ' € (Gy N Hy)H, (11.1)
where a € G7 N Gy. Moreover, using the same notation as above,
dbd™' = d(bd'b~1)b.
Bbut bd~'b~! € Hy, since d € Hy, b € Gy, and H; < Gy, so
dbd™' € Hi(G, N Hy).
This implies
d(GyN Hy)Hyd™ ' = d(Gy, N Hy)d 'dH,d ™", (11.2)

where we have used the fact that H,(G; N Hy) = (G N Hy) Hy (which is true
since Hy <G, by Proposition B30). Recall the typical element of (G1NG2) Hy
is of the form ad where a € Gy N G5 and d € Hy. According to Proposition
T4 this, (ITTl) and ((IT2) together imply (G N Hy)Hy < (G N Gy) H;.
This proves the claim above.

On the basis of the second isomorphism (Theorem B37), we have



11.1. THE THIRD ISOMORPHISM THEOREM 125

(G1 N Go)(Gy N Hy)H,

GlﬂGg (GlmHQ)Hl

(G1NG2) N (Gy N Hy)Hy

(note that (GlﬂHg)HlQ(GlﬂGg)(GlﬂHg)Hg since (GlﬂHg)Hlﬂ(GlﬂGg)Hl
and (Gl N Gz)(Gl N HQ)Hl = (Gl N Gz)Hl. Now since (G1 N HQ)Hl < (G1 N
Gz)(Gl N HQ)Hl, (G1 N Gg) N (G1 N HQ)Hl < G1 N GQ, and

(G1NGy)/(GiNG)N(GiNHy) Hy) = ((GiNG2)Hy)/((GiNHy) Hy). (11.3)
However, we contend that
(G1NGy)(G1N Hy)Hy = (Gy N Hy)Hy N Ga. (11.4)
For clearly
(G1 N Go)(Gy N Hy)Hy C (G N Hy)Hy N Gh.

While if w € (G1 N He) H; NGy, then w € Gy and w = xy, where z € G N Hy
and y € Hy C G;. But then x € G; and y € Gy, so w € G; N Gy, and we
then get the inclusion the other way. This proves ([IZ).
Next we note that any element of (G N Hy)H; is of the form uwv, where
u € Gy N Hy and v € Hy. If this element also belongs to Gs, i.e., uv € Gy,
then
v=u""(uv) € Gy;

hence v € Go N Hy. Thus wv € (G N Hy)(Gy N Hy). We have shown that

(G1 N HQ)Hl N G2 C (G1 N HQ)(GQ N Hl)



126CHAPTER 11. SOLVABLE GROUPS AND THE JORDAN-HOLDER THEOREM

Since the reverse inclusion is clear, we have
(G1 N Hy)Hy NGy = (Gy N Hy) (G N Hy)

Combining this last result with (IT4]) and ([I3)) yields

(G1NGy)/((HiNGy) (G N Hy)) = ((GrNGo)Hy)/((Gh N Hy)Hy). (11.5)
However, by symmetry, i.e., replacing 1 by 2 and vice versa in ([[ILH) yields

(G1NGe)/((HiNGy)(GrNHy)) = ((GrNGe)Hy)/((GaN Hy)Hy). (11.6)
and by (LX) and ([TH), we finally have that

(G1NGy)H 1 /(Gy N Hy)Hy = (Gy N Gy)Hy /(G N Hy)Ho.

O

We note that the symmetry arguement used in the above proof to get
([ITH) could, of course, have been replaced by an argument similar to that
given in the first part of the proof. (See exercise 1 for this section.)

11.1.1 Exercises

1. Under the hypothesis of Theorem [[T.TT], use an argument similar to that
given in the proof of this theorem to first show that (H1NGy) Ho<1(G1NG2) Ho
and then that equation ([I6) above holds.

11.2 Series of groups; solvable groups revis-
ited

We shall apply the third isomorphism theorem presently, but first we intro-
duce a special sequence of subgroups of a group (usually called series of
groups). This was alluded to in the introduction to this chapter. Let

{6} = Gt—‘,—l C Gt C ... C GQ C Gl == G (117)

be a sequence of subgroups of the group G where each G, is normal in G;
(but not necessarily in all of G). Such a sequence of subgroups is called a
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normal series for G. Associated with a normal series for a group G, is an
associated sequence of factors (or factor groups); viz

Gl/G27 G2/G37 e Gt/Gt+1 = Gt-

We observe that a normal series always exists for an arbitrary group G.
We could, e.g., take the trivial normal series: {e} C G = G;. There is also
nothing unique about a normal series, e.g., the symmetric group S, has the
following normal series, among others:

{6}CCQCVZ;CA4CS4,
{6}CVZ;CA4CS4,
{e} C Cy C V4 C Sy, (11.8)
{6} C V4 C Sy,
{6} C Sy,

where V} is the Klein 4-group (see Section B3)), and, as usual, C,, denotes
a cyclic group of order n, here, e.g., take Cy = ((12)(34)). Note that all
terms in the fifth series given above for S; occur in the fourth and all those
in the fourth occur in the third and those in the third occur in the first. A
similar situation prevails between the fifth, fourth, second, and first series.
This illustrates the following: one normal series is called a refinement of
another if all the terms of the second occur in the first series. Hence the
second series above is a refinement of the fourth series. The third series is
also a refinement of the fourth series. However, the second series is not a
refinement of the third series.

Finally, two normal series

{e} =Gs41 CGsC...C Gy C Gy =G, (11.9)
{e}=H; 1 CH,C..CHyCH =H, ‘
are called equivalent or (isomorphic) if there exists a 1-1 correspondence
between the factors of the two series (thus s = t) such that the corresponding
factors are isomorphic.

Example 11.2.1. Consider the two series for Zs,

Zys 2 ([5]) > {[0]},
Zas 2 ([3]) 2 {[0]}

Y
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where [5] denotes the residue class of 5 mod 15. These normal series are
equivalent: For Zys/{[5]) = Zs, ([5])/{[0]} = Zs, while the factors of the
second series are Zys/([3]) = Zs, ([3])/{[0]} = Zs5 (where [3] denotes the
residue class of 3 mod 15).

Our first general theorem in this spirit is the following important theorem
due to Schreier.

Theorem 11.2.2. (Schreier) Any two normal series for a group G have
equivalent refinements.

Proof: Consider two normal series for G as in ([[II.H). Define

G = (GiNH)Giy, j=1,2,.t+1,
H,;,=(G,NH))H;,, i=12..,s+1

Then we have

G = Gll D) G12 ... D G1,8+1 = GQ
= Ggl ... D G2’5+1 = G3 D...D Gt75+1 = {6},
and
G - Hll - ng DD H17t+1 - HQ
= H21 D...D H27t+1 = H3 D...D H37t+1 = {6},

Now applying the third isomorphism theorem (Theorem [[T.TT]) to the groups
Gi, Hj, Gi+1, Hj+1, we have that Gi,jJrl = (Gl N Hj+1)Gi+1 < Gi,j = (Gz N
H;)Gipqand Hj ;1 = (G NH;j)Hjy1 <H;; = (GiNH;)Hj 4. Furthermore,
also by Theorem [[TT.T],

Gij/Gije1 = Hji/Hj 1.

Thus the above two are normal series which are refinements of the two given
series and they are equivalent. [

We shall, in the next section, apply Schreier’s Theorem to obtain
the important theorem of Jordan-Hélder, but first we wish to give an alter-
nate characterization of solvable groups. Before doing this, we establish the
following useful theorem.

Theorem 11.2.3. If {e} = G;.1 C Gy C ... C Gy C Gy = G is a normal
series for the group G and if H < G, then

H=HNG DHNG;D...DHNGy1=¢€

is a mormal series for H. The factors of the normal series in ([LZ3) are
isomorphic to subgroups of the factors of the normal series for G.
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Proof: We apply the second isomorphism theorem (Theorem R3T) to

the subgroups G;41 and H N G; of the group G;. Hence, we have
Gi+1(H N Gz)

Gin HnNG;

HNGi

First note that since G;11 <Gy, Giy1(HNG;) is a subgroup of G;, Proposition
implies G;11 < Gi1(HNG;), and also H NG < HNG;. Second note
that G;11 N (HNG;) = HNG4q since G, C G; and that is how we get the
group at the lower vertex of our diagram. Thus Theorem yields that

HnN Gl/Hﬂ GiJrl = Gi+1(H N GZ>/GZ+1 = GZ/GZ+1

u
We now make the following definition (cf. Definition BI6).

Definition 11.2.4. A group G is said to be solvable if it has a normal
series all of whose factors are abelian groups.

Since we have already defined a solvable group in Section Bl we must
show that these two definitions are equivalent. Thus suppose that G is solv-
able according to Definition BT.6l Then

GOG DG >..oGY = {e},

where the superscripts designate the higher commutator subgroups (see Sec-
tion Bl). This is, of course, a normal series (see comments at the beginning
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of Section Bl and Theorem BIH) for G. Moreover, G /GU+1) is abelian by
Theorem BTl Hence G is solvable according to Definition T2 above.

Suppose now that G is solvable in the sense of Defintion [T24l So that
G has a normal series as in ([I7), such that each factor G;/G; 1 is abelian.
In particular, G/Gy = G1/Gsy is abelian. Thus by Theorem BT G5 D
G} = G'. Since G/G3 is abelian, we have, again by Theorem BI4 that
Gs D G4y D (G}) = G". Similarly,

Gy DGy D (GY) =G =G".
Continuing in this fashion, we finally get that
{e} = Gy DGV,

Hence G®) = {e}, and G is solvable according to our original definition.

Thus we are at liberty to use whichever characterization of solvabilty is
more convenient. In the following theorem, we arbitrarily use the characteri-
zation of solvability introduced in this section. We strongly advise the reader
to prove the theorem (see exercise 3 for this section) using the initial defini-
tion (Definition BTH) without making use of the equivalent characterization
we have just established.

Theorem 11.2.5. Any subgroup and any factor group of a solvable group is
solvable.

Proof: Suppose G is solvable. Then G has a normal series (1), such
that G;/G;yq is abelian. Let H < G. Then form the series (ITZ3). By
Theorem 23 we thus get a normal series, and (HNG;)/(H NG;11) is iso-
morphic to a subgroup of G;/G; 1 and is, therefore, abelian. This completes
the first part of the theorem.

Again let G be a solvable group and let () again denote a normal
series for G with abelian factors. It is easy to see that any refinement of the
series (II) also has abelian factors; e.g., suppose

GiDGyDHDG3D ...

is a refinement of (7). Then H/G3 C G3/G3 and, hence, is abelian. Since
Ga/H = (G2/Gs)/(H/G3), by Corollary K31, therefore, G/ H also abelian.

Now let N <1 G. Consider the normal series

G D N D {e}. (11.10)
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By Schreier’s Theorem (Theroem [TZ3), (IT1) and (ITI0) have equivalent

refinements. Let
GDH DHyD..DH,DND..D{e} (11.11)

be a refinement of (IIM) equivalent to a refinement of (). By our preced-
ing observations, the factors of (IITTl) are abelian. Since (H;/N)/(H;4+1/N) =
(G/L'/GZ'+1>’ by COI’OH&I‘y ,

G/N D Hy/N D Hy/N D ... > H,/N D N/N = {e}

is a normal series for G/N with abelian factors. [
Since A,, for n > 5 was shown to be a simple group (see Theorem E32),

A, D {e}

is the only normal series for A,,, when n > 5. But A,, for n > 5 is, of course,
non-abelian, hence is not a solvable group. Consequently, by the preceding
Theorem [T2ZH S,, for n > 5 is also not a solvable group.

11.2.1 Exercises

1. Prove that any finite p-group is solvable.
(HINT: Use Theorems and ML Z1)

2. Prove that if G is a group that has a normal subgroup N such that
both N and G/N are solvable, then G must be solvable.

(HINT: Construct the appropriate normal series for G using the assumed
ones for G/N and N. Also use the Corollary to Theorem [82Z1 and the
Corollary [B33.)

3. Use the original definition of solvability Definition BIf) to establish
Theorem directly.

(HINT: What is the image of the commutator subgroup under the canonical
hom?)
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11.3 The Jordan-Holder Theorem

In order to state the main theorem of this section, we first need two defini-
tions.

Definition 11.3.1. Let G be a group with N<1G. Then N 1is called maximal
in G if N C G properly (i.e., N # G) and there does not exist any normal
subgroup where the inclusions are all meant to be proper.

On the basis of Corollary another way of characterizing a maximal
normal subgroup is as follows: N is a maximal normal subgroup of G if and
only if G/N is simple. (See the exercises below.)

We now state our last definition.

Definition 11.3.2. A composition series for a group G is a normal series
as in [II7]), where all the inclusions are proper and such that G411 is mazimal
in G; (in other words, each factor is simple).

For example, in the case of the previously given normal series for S in
([[TR), only the first {e} C Cy C V4 C Ay C S, is a composition series for
Sy. A composition series for Ay would be: {e} C Cy C Vy C A4. Note that
Ay D Vy D {e} would not be a composition series for Ay (Why?). Unlike the
case of normal series, it is possible that an arbitrary group does not have a
composition series (see exercise 1 for this section) or even if it does have one
a subgroup of it may not have one. Of course, a finite group does have a
composition series.

We now consider the case in which a group, G, does have a composition
series, and we prove the following important theorem.

Theorem 11.3.3. (Jordan-Hélder): If a group G has a composition series,
then any two composition series are equivalent (i.e., the composition factors
are unique).

Proof: Suppose we are given two composition series. Applying Schreier’s
refinement theorem (Theorem [[T222), we get that the two composition series
have equivalent refinements. But the only refinement of a composition series
is one obtained by introducing repetitions. If in the 1-1 correspondnece
between the factors of these refinements, the paired factors equal to {e} are
disregarded (i.e., if we drop the repetitions), we get clearly that the original
composition series are equivalent. []
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It was mentioned in the introduction to Chapter Bl that the simple groups
are important because “they play a role in finite group theory somewhat
analogous to that of the primes in number theory.” In particular, an arbi-
trary finite group, GG, can be broken down into simple components. These
uniquely determined simple components are, according to the Jordan-Holder,
the factors of a composition series for G.

We close by giving an application of this theorem. In particular, we use
the Jordan-Holder Theorem to prove the uniqueness part of the Fundamental
Theorem of Arithmetic. The Fundamental Theorem of Arithmetic states that
every positive integer not equal to a prime can be factored uniquely (up to
order) into a product of primes.

First, we claim that such a factorization exists. Indeed, suppose n is
composite (i.e., n > 1 and n is not a prime). Then an easy induction shows
that n has a prime divisor p and we can write n = pn;, where n; is an integer
satisfying nq; < n. If n; is prime, the claim holds. Otherwise, n; has a prime
factor py, and n; = pyny where ny < ny is an integer. Continuing in this
fashion, we must come to an equation n;_; = p;_i1n;, where n; is a prime p;,
since the sequence of decreasing positive integers

n>mny>ng >ng> ...

cannot continue indefinitely. We now have that n = ppip,...p; is a product
of primes. This proves the existence claim.

On the basis of the Jordan-Holder Theorem, we can easily show the other
part of the Fundamental Theorem of Arithmetic, i.e., apart from order of the
factors, the representation of n as product of primes is unique. To do this
suppose that

n = pip2.--Ps,

and
n = qiq2...q;

where the p; and ¢; are primes. Then denoting, as usual, by C}, the cyclic
group of order k, we have

CnDChyp. DChy p. D ... DC, D{e},

and
Co2Choq DCh gD .. DCy DAe},
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as two composition series for C,,. But the Jordan-Holder Theorem implies
these must be equivalent; hence we must have s = t and by suitably arranging
pi = ¢;, 1 <1 < s. Thus we have established the unique factorization theorem
for positive integers as an application of the Jordan-Hélder Theroem.

11.3.1 Exercises

1. Prove that any infinite abelian group G does not have a composition
series.

(HINT: Suppose it does and come to a contradiction. Also use the result of
exercise 4 for Section[f3.)

2. Prove that a finite group is solvable if and only if the factors of a
composition series are cyclic groups having prime orders.

3. Prove that if G is a group which has a composition series, then any
normal subgroup of G and any factor group of G also have composition
series with factors isomorphic to composition factors of G.

(HINT: Mimic the proof of Theorem [I1.Z1.)

4. Prove that N is a maximal normal subgroup of G if and only if G/N
is simple.

5. Optional Problem Identify the last statement in this section. State
where it came from, what it means, and its significance.

KLATU BERADA NIKTO
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